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EXPLICIT ABSOLUTE PARALLELISM
FOR 2-NONDEGENERATE REAL HYPERSURFACES
M5 ⊂ C3 OF CONSTANT LEVI RANK 1
SAMUEL POCCHIOLA
ABSTRACT
We study the local equivalence problem for five dimensional real hyper-
surfaces M5 of C3 which are 2-nondegenerate and of constant Levi rank 1
under biholomorphisms. We find two invariants, J and W , which are ex-
pressed explicitly in terms of the graphing function F of M , the annulation
of which give a necessary and sufficient condition for M to be locally bi-
holomorphic to a model hypersurface, the tube over the light cone. If one
of the two invariants J or W does not vanish on M , we show that the equiv-
alence problem under biholomophisms reduces to an equivalence problem
between {e}-structures, that is we construct an absolute parallelism on M .
1. INTRODUCTION
A smooth 5-dimensional real hypersurface M ⊂ C3 is locally repre-
sented as the graph of a smooth function F over the 5-dimensional real
hyperplane Cz1 × Cz2 × Rv:
u = F (z1, z2, z1, z2, v).
Such a hypersurface M is said to be of CR-dimension 2 if at each point p
of M , the vector space
T 1,0p M := C⊗ TpM ∩ T
1,0
p C
is of complex dimension 2 (for background, see [21, 4, 2]).
We recall that the Levi form LF of M at a point p is the skew-symmetric
hermitian form defined on T 1,0p M by
LF (X, Y ) = i [X˜, Y˜ ]p mod T
1,0
p M ⊕ T
0,1
p M,
where X˜ and Y˜ are two local sections M −→ T 1,0M such that X˜p = X
and Y˜p = Y .
The aim of this paper is to study the equivalence problem under biholo-
morphisms of the hypersurfaces M ⊂ C3 which are of CR-dimension 2,
24
25
and whose Levi form is degenerate and of constant rank 1. For well-known
natural reasons, we will also assume that the hypersurfaces we consider are
2-nondegenerate, i.e. that their Freeman forms are non-zero (see for exam-
ple [21], p. 91). Two other approaches on this problem have been recently
provided by Isaev-Zaitsev and Medori-Spiro ([18, 10]). We refer to [9]
for an historical perspective on equivalence problems for hypersurfaces of
complex spaces.
We start by exhibiting two vector fields L1 and L2 which constitute a
basis of T 1,0p M at each point p of M . This provides an identification of
T 1,0p M with C2 at each point. We also exhibit a real 1-form σ on TM
whose prolongation to C⊗ TM satisfies:
{σ = 0} = T 1,0M ⊕ T 0,1M,
which provides an identication of the projection
C⊗ TpM −→ C⊗ TpM /
(
T 1,0p M ⊕ T
0,1
p M
)
with the map σp: C ⊗ TpM −→ C. With these two identifications, the
Levi form LF can be viewed at each point p as a skew hermitian form on
C2 represented by the matrix:
LF =
(
σp
(
i [L1,L1]
)
σp
(
i [L2,L1]
)
σp
(
i [L1,L2]
)
σp
(
i [L2,L2]
)) .
The fact that LF is supposed to be of constant rank 1 ensures the exis-
tence of a certain function k such that the vector field
K := kL1 + L2
lies in the kernel of LF . Our explicit computation of LF provides us with
an explicit expression of k in terms of the graphing function F for M . In
fact, here are the expressions of L1 and K :
L1 = ∂z1 − i
Fz1
1 + i Fv
∂v,
K = k ∂z1 + ∂z2 −
i
1 + i Fv
(k Fz1 + Fz2) ∂v,
and also of k:
k = −
Fz2,z1 + Fz2,z1 F
2
v − i Fz1 Fz2,v − Fz1 Fv Fv,z2 + i Fz2 Fz1 Fv,v − Fz2 Fv Fv,z1
Fz1,z1 + Fz1,z1 F
2
v − i Fz1 Fz1,v − Fz1 Fv Fz1,v + i Fz1 Fz1,v + Fz1 Fz1 Fv,v − Fz1 Fv Fv,z1
,
and we want to emphasize that all our subsequent computations will be
expressed in terms of Lie derivatives of the function k by the vector fields
L1, K , L1, K , hence in terms of F .
From our construction, the four vector fields L1, K , L1, K constitute
a basis of T 1,0p M ⊕ T 0,1p M at each point p of M . It turns out that the vector
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field T defined by:
T := i [L1,L1]
is linearly independant from L1, K , L1, K . With the five vector fields
L1, K , L1, K and T , we have thus exhibited a local section from M
into C⊗ F (M), the complexification of the bundle F (M) of frames of M ,
which is geometrically adapted to M in the following sense:
(1) the line bundle generated by K is the kernel of the Levi form of M ,
(2) L1 and K constitute a basis of T 1,0M ,
(3) T is defined by the formula T := i [L1,L1].
Then we define the coframe of 1-forms:(
ρ0, κ0, ζ0, κ0, ζ0
)
which is the dual coframe of the frame:(
L1,K ,L1,K ,T
)
.
The computation of the exterior derivatives of ρ0, κ0, ζ0, κ0, ζ0, which
constitute the so-called structure equations of the coframe, involves another
important function on M , that we denote by P in the sequel. We give here
the expression of P in terms of the graphing function F because, as with the
function k, all our subsequent computations will involve terms expressed
as derivatives of P by the fundamental vector fields L1, K , L1, K , T ,
namely:
P =
lz1 + A
1 lv − l A
1
v
l
,
where:
A1 = 2
Fz1
1 + i Fv
,
and where:
l := i
(
A1z1 −A
1
z1
+ A1A1v −A
1A1v
)
.
Then in terms of P and k, the structure equations enjoyed by ρ0, κ0, ζ0,
κ0, ζ0, are the following:
dρ0 = P ρ0 ∧ κ0 −L1(k) ρ0 ∧ ζ0 + P ρ0 ∧ κ0 −L1(k) ρ0 ∧ ζ0 + i κ0 ∧ κ0 ,
dκ0 = −T (k) ρ0 ∧ ζ0 −L1(k) κ0 ∧ ζ0 + L1(k) ζ0 ∧ κ0 ,
dζ0 = 0,
dκ0 = −T (k) ρ0 ∧ ζ0 −L1(k) κ0 ∧ ζ0 −L1(k) κ0 ∧ ζ0 ,
dζ0 = 0.
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The fact that M is 2-nondegenerate is expressed by the (biholomorphically
invariant, see [21]) assumption that:
L1(k) vanishes nowhere on M ;
notice here that L1(k) appears as the coefficient of ζ0 ∧ κ0 in dκ0.
The end of section 2 is devoted to reinterpret the equivalence problem
under biholomophisms of such hypersurfaces as an equivalence problem
between G-structures. We recall that if G ⊂ GL(n,R) is a Lie group, a
G-structure on a manifold M of dimension n is a subbundle of the bun-
dle F (M) of frames of M , which is a principal G-bundle. The fact that
we can express the equivalence problem in terms of equivalences between
G-structures comes from the following observation: if φ is a local biholo-
morphism of C3 such that φ(M) = M , then the restriction φM of φ to M
is a local smooth diffeomorphism of M which satisfies the additional two
conditions:
(1) φM stabilizes the bundle T 1,0(M);
(2) φM stabilizes the kernel of the Levi form of M .
As a result, there are three functions f, c and e on M such that :
φM∗(K ) = f K ,
and
φM∗(L1) = cL1 + eK .
Of course, as φM is a real diffeomorphism, we shall also have :
φM∗(K ) = φM∗(K ) = f K ,
and
φM∗(L1) = φM∗(L1) = cL1 + eK .
It is then easy to show that the matrix Lie group which encodes suitably the
problem is the 10 dimensional Lie group G1 given by the matrices of the
form:
g :=

cc 0 0 0 0
b c 0 0 0
d e f 0 0
b 0 0 c 0
d 0 0 e f
 ,
where c and f are non-zero complex numbers, while b, d, e are arbitrary
complex numbers.
The rest of our article is devoted to the implementation of Cartan’s equiv-
alence method to reduce this G1-equivalence problem to an absolute paral-
lelism. We use [24] and [26] as standard references on Cartan’s equiva-
lence method. We develope the parametric version of Cartan’s equivalence
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method, that is we perform all the computations and give explicit expres-
sions of the functions involved in the normalizations of the group parame-
ters, because we need to control carefully the expressions of these functions:
some of them might indeed vanish identically on M , which is of crucial im-
portance when deciding whether a potential normalization might be allowed
or not. Our computations involves only terms which are derivatives of the
functions k and P by the fundamental vector fields L1, K , L1, K , T , and
they become ramified by the fact that some relations exists between these
derivatives: those that follow simply from the Jacobi identities, and those
that follow from the fact that the Levi form of M is of rank 1 everywhere.
We give a sum up of the relations that we use at the end of subsection 2.2.
These relations imply important simplifications in the formulae we obtain
for the torsion coefficients, and shall not be missed if one keeps in mind
that we usually want to control whether these coefficients do vanish or not
on M , which is a delicate task, even with the help of a computer algebra
system.
We find in section 3 that the first normalization of the group parameters
is:
f =
c
c
L1(k).
This enables us to reduce G1 to a new matrix Lie group G2, which is 8-
dimensional and whose elements g take the form:
g =

cc 0 0 0 0
b c 0 0 0
d e c
c
0 0
b 0 0 c 0
0 0 d e c
c
 .
We then perform a second loop in Cartan’s equivalence method in section
4, which yields the normalization:
b = −i ce+ i
c
3
(
L1
(
L1(k)
)
L1(k)
− P
)
,
and which therefore leads to a G3-equivalence problem, where G3 is the
6-dimensional matrix Lie group whose elements are of the form:
g =

cc 0 0 0 0
−i ec c 0 0 0
d e c
c
0 0
i ec 0 0 c 0
d 0 0 e c
c
 .
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The third loop is done in section 5 and it gives us a normalization of the
parameter d as:
d = −i
1
2
e2c
c
+ i
2
9
c
c
L1
(
L1(k)
)2
L1(k)2
+ i
1
18
c
c
L1
(
L1(k)
)
P
L1(k)
− i
1
9
c
c
P
2
+ i
1
6
c
c
L1
(
P
)
− i
1
6
c
c
L1
(
L1
(
L1(k)
))
L1(k)
.
This therefore reduces G3 to the 4-dimensional group G4, whose elements
are of the form:
g =

cc 0 0 0 0
−i ec c 0 0 0
− i
2
e2c
c
e c
c
0 0
i ec 0 0 c 0
i
2
e
2
c
c
0 0 e c
c
 .
The fourth loop of Cartan’s method, which is done in section 6, leads to
a more advanced analysis than the three previous ones. The normalizations
of the group parameters that are suggested at this stage depend on the van-
ishing or the non-vanishing of two functions, J and W , which appear to be
two fundamental invariants of the problem. The expressions of J and W
are given below:
J =
5
18
L1
(
L1(k)
)2
L1(k)2
P +
1
3
P L1 (P )−
1
9
L1
(
L1(k)
)
L1(k)
P 2
+
20
27
L1
(
L1(k)
)3
L1(k)3
−
5
6
L1
(
L1(k)
)
L1
(
L1
(
L1(k)
))
L1(k)2
+
1
6
L1
(
L1(k)
)
L1(P )
L1(k)
−
1
6
L1
(
L1
(
L1(k)
))
L1(k)
P
−
2
27
P 3 −
1
6
L1 (L1 (P )) +
1
6
L1
(
L1
(
L1
(
L1(k)
)))
L1(k)
,
and
W :=
2
3
L1
(
L1(k)
)
L1(k)
+
2
3
L1
(
L1(k)
)
L1(k)
+
1
3
L1
(
L1(k)
)
K
(
L1(k)
)
L1(k)3
−
1
3
K
(
L1
(
L1(k)
))
L1(k)2
+
i
3
T (k)
L1(k)
.
We thus observe a branching phenomenon at that point: if J and W are
both identically vanishing on M , then no further reductions of the group
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parameters are allowed by Cartan’s method. However, if J is non-vanishing
we can normalize the parameter c by
c = J
1
3 ,
whereas if W is non vanishing we can perform the normalization
c = W.
We notice here that we are not treating the cases where one of the two
invariants J orW might vanish somewhere onM without beeing identically
vanishing on M , that is we are making a genericity assumption M , which
is a standard process when using Cartan’s technique. To be fully precise,
we also suppose in section 8 that the function K (W ) is generic on M , that
is it is either identically 0 or non-vanishing on M , in order to establish the
results of this section. This motivates the following definition:
Definition 1. A five dimensional CR-submanifold of C3 of CR-dimension
2 which is 2-non degenerate, and whose Levi form is of constant rank 1 is
said to be generic if the functions J , W and K (W ) are either 0 or non-
vanishing on M .
Section 7 is devoted to show that in the case J 6= 0, one can normalize the
last group parameter e, thus reducing the equivalence problem to the study
of a five dimensional {e}-structure. Section 8 deals with the same issue in
the case W 6= 0. To this end, we show that W 6= 0 implies K (W ) 6= 0
under the genericity assumption (this is the purpose of Lemma 1). In both
cases J 6= 0 and W 6= 0, the final {e}-structure that we obtain on M
contains terms which are derivatives of the graphing function F up to order
8. Thus the results of these sections only require that M is C 8-smooth.
Finally, in section 9, we show that when both J and W vanish identi-
cally on M , we can reduce the equivalence problem to a 10-dimensional
{e}-structure after performing two suitable prolongations. The structure
equations that we obtain are the same as those enjoyed by the tube over the
future the light cone:
(Re z1)
2 − (Re z2)
2 − (Re z3)
2 = 0, Re z1 > 0,
which is locally biholomorphic (see [11, 13]) to the graphed hypersurface:
u =
z1z1 +
1
2
z21z2 +
1
2
z21z2
1− z2z2
.
This proves the fact that when J and W are both vanishing, M is locally
biholomorphic to the tube over the light cone. We summarize these results
in the following theorem:
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Theorem 1. Let M ⊂ C3 be a C 8-smooth 5-dimensional hypersurface of
CR-dimension 2, which is 2-non degenerate, whose Levi form is of constant
rank 1 and which is generic in the sense of definition 1. Then
(1) if W 6= 0 or if J 6= 0 on M , then the local equivalence problem
for M reduces to the equivalence problem for a five dimensional
{e}-structure.
(2) if W = 0 and J = 0 identically on M , then M is locally biholo-
morphic to the tube over the light cone.
Granted that the functions k and P are expressed in terms of partial
derivatives of order ≤ 3 of the graphing function F , and that the two main
invariants J and W are explicit in terms of k and P , we stress that the local
biholomorphic equivalence to the light cone is explicitely characterised in
terms of F .
It is well-known (see, for example, [17]) that the group of automorphisms
U of an {e}-structure on a C∞ manifold N is a Lie transformation group
such that dim U ≤ dimN. As a result of theorem 1, we thus have:
Corollary 1. Let M ⊂ C3 be a C∞ CR-manifold satisfying the hypotheses
of theorem 1. If M is not locally equivalent to the tube over the light cone
at a point p ∈ M , then the dimension of the Lie algebra of germs of CR-
automorphisms of M at p is bounded by 5.
We now give a slight extension of theorem 1. If M is a 5-dimensional
abstract CR-manifold of CR dimension 2 then there exist a subbundle L of
C⊗ TM of dimension 2 such that
(1) L ∩ L = {0}
(2) L is formally integrable.
It is then well-known that there exist local coordinates (x1, x2, x3, x4, v) on
M and two local sections L1 and L2 of L, such that:
L1 =
∂
∂z1
+ A1
∂
∂v
,
and
L2 =
∂
∂z2
+ A2
∂
∂v
,
where A1 and A2 are two locally defined functions on M , and where the
vector fields ∂
∂z1
and ∂
∂z2
are defined by the usual formulae:
∂
∂z1
=
1
2
(
∂
∂x1
− i
∂
∂x2
)
,
and
∂
∂z2
=
1
2
(
∂
∂x3
− i
∂
∂x4
)
.
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As a result, we can define the functions k and P together with the four
vector fields K , L1, K and T in terms of the fundamental functions A1
and A2 as in the embedded case, and all the subsequent structure equations
at each step of Cartan’s method are unchanged. Theorem 1 remains thus
valid in the more general setting of abstract CR-manifolds.
Finally, theG-structures that we introduce at each step are in fact globally
defined on M (as subbundles of C ⊗ TM). As a result, the first part of
theorem 1 has the following global counterpart:
Theorem 2. Let M be an abstract CR-manifold satisfying the hypotheses
of theorem 1. Then J and W are globally defined on M . If J does not
vanish on M or if W does not vanish on M , then there exist an absolute
parallelism on M .
Acknowledgments. I wish to thank Professor Alexander Isaev for insight-
ful suggestions that provided improvements, e.g. the abstract and global
counterparts of theorem 1.
2. GEOMETRIC AND ANALYTIC SET UP
2.1. Shape of the initial coframe. Let M ⊂ C3 be a local real analytic
hypersurface passing through the origin of C3. We recall that M can be
represented as a graph over the 5-dimensional real hyperplane Cz1 ×Cz2 ×
Rv:
u = F (z1, z2, z1, z2, v),
where F is a local real analytic function depending on 5 arguments. We
make the assumption that M is a CR-submanifold of CR dimension 2, that
is the bundle T 1,0M is of complex dimension 2. Let us look for a frame of
T 1,0M constituted of two vectors field of the form:
L1 =
∂
∂z1
+ A1
∂
∂w
,
L2 =
∂
∂z2
+ A2
∂
∂w
,
with two unknown functionsA1 andA2. AsM is the zero set of the function
G := u− F , the condition that L1 and L2 belong to T 1,0M take the form:
dG (L1) = 0 and dG (L2) = 0.
As we have:
dG = du− Fz1 dz1 − Fz2 dz2 − Fz1 dz1 − Fz2 dz2 − Fv dv
and
∂w =
1
2
(∂u − i ∂v) ,
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these two conditions read as:
Fzj −
1
2
Aj −
i
2
Fv Aj = 0, j = 1, 2,
which lead to:
Aj = 2
Fzj
1 + i Fv
j = 1, 2.
If π denotes the canonical projection C3 −→ C2 × R which sends the
variables (z1, z2, w) on (z1, z2, v), the fact that M is a graph over the hyper-
plane Cz1×Cz2×Rv makes the restriction of π toM a local diffeomorphism
M −→ C2×R, that is a local chart on M . All the subsequent computations
will be made in coordinates (z1, z2, v), which means that they will be made
through this local chart provided by π. The (extrinsic) vector fields Lj are
mapped by π onto the (intrinsic) vector fields π∗ (Lj). As π∗ (∂w) = − i2 ∂v,
we have:
π∗ (Lj) = ∂zj + A
j ∂v j = 1, 2
where
Aj := −i
Fzj
1 + i Fv
j = 1, 2.
In order to simplify the notations, we will still denote p∗ (Lj) by Lj
in the sequel. If σ is a 1-form on M whose kernel at each point p is
T 1,0p M ⊕ T
0,1
p M , we identify the projection
C⊗ TpM −→ C⊗ TpM / T
1,0
p M ⊕ T
0,1
p M
with the map σp: C ⊗ TpM −→ C. An example of such a 1-form σ is
given by:
σ := dv − A1 dz1 −A
2 dz2 − A1 dz1 − A2 dz2.
As an identification of T 1,0p M with C2 is also provided by the basis of vector
fields L1 and L2 , the Levi form ofM can be viewed as the skew-symmetric
hermitian form on C2 given by the matrix:
LF :=
(
σp
(
i [L1,L1]
)
σp
(
i [L2,L1]
)
σp
(
i [L1,L2]
)
σp
(
i [L2,L2]
)) .
The computation of the Lie bracket [L1,L1] gives:
[L1,L1] = [∂z1 + A
1 ∂v, ∂z1 + A
1 ∂v]
=
(
A1z1 − A
1
z1
+ A1A1v − A
1A1v
)
∂v.
Similar computations of [L1,L2], [L2,L1] and [L2,L2] give that
[L1,L2] = [L2,L1] = [L2,L2] = 0 mod ∂v.
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In the sequel, we make the assumption that M is Levi degenerate of rank
1. There is therefore a function k defined on M such that
(
k
1
)
gives a basis
of the kernel of LF . As a result of the definition of k and LF , the four
Lie brackets [L1,L1], [L1,L2], [L2,L1] and [L2,L2] enjoy the following
two relations:
(1)
{
k [L1,L1] + [L2,L1] = 0
k [L1,L2] + [L2,L2] = 0.
Moreover, the vector field K := L2 + kL1 gives a basis of the kernel of
the Levi form on M and the four vectors fields L1, K , L1 and K give a
basis of T 1,0M ⊕ T 0,1M . Let us introduce the fifth vector field
T := i [L1,L1].
As T lies in the line bundle generated by ∂v, the five vector fields T , L1,
L1, K and K give a basis of C⊗R TM .
2.2. Lie bracket structure. Let us explore the Lie bracket relations satis-
fied by this basis of C⊗R TM . We start with the computation of [L1,L2].
[L1,L2] = [∂z1 + A
1∂v, ∂z2 + A
2∂v]
≡ 0 mod ∂v,
which means that [L1,L2] belongs to the line bundle generated by ∂v. On
the other hand, as L1 and L2 both belong to T 1,0M , and as it is a well
known fact that T 1,0M is involutive, [L1,L2] belongs to T 1,0M , whose
intersection with C · ∂v is reduced to zero. We thus have:
[L1,L2] = 0.
As a result, we can compute [K ,L1]. Indeed we have:
[K ,L1] = [kL1 + L2,L1] = −L1(k)L1.
We now turn our attention on the computation of the bracket [K ,L1].
Using the relation (1), we get:
[K ,L1] = [kL1 + L2,L1]
= k [L1,L1] + [L2,L1]−L1(k)L1
= −L1(k)L1.
To compute further brackets, we need to determine the value of K (k).
Taking the Lie bracket between K and the complex conjugate of the first
equation of (1) gives:
K (k) [L1,L1] + k [K , [L1,L1]] + [K , [L1,L2]] = 0.
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As K (k) [L1,L1] belongs to C · ∂v, the vector field
S := k [K , [L1,L1]] + [K , [L1,L2]]
is equal to its projection on C · ∂v. It is thus sufficient to perform its com-
putation mod T 1,0M . The Jacobi identity gives:
S = k [[K ,L1],L1] + k [L1, [K ,L1]] + [[K ,L1],L2] + [L1, [K ,L2]].
As [K ,L1] = −L1(k)L1, we have [L1, [K ,L1]] ≡ 0 mod T 1,0M .
Similarly we have [K ,L2] = −L2(k)L1, from which we deduce that
[L1, [K ,L2]] ≡ 0 mod T 1,0M . We thus have:
S ≡ k [[K ,L1],L1] + [[K ,L1],L2] mod T 1,0M
≡ [[K ,L1], kL1] + [[K ,L1],L2] mod T 1,0M
≡ [[K ,L1],K ] mod T 1,0M.
The involutivity of the bundle T 1,0M implies that [K ,L1] belongs to
T 1,0M . As K has been choosen to belong to the kernel of the Levi form
of M , [[K ,L1],K ] belongs to T 1,0M . We thus have S ≡ 0 mod T 1,0M ,
from which we deduce:
(2) K (k) = 0.
We are now ready to compute [K ,K ]:
[K ,K ] = [kL1 + L2, kL1 + L2]
= k k [L1,L1] + k [L1L2] + k [L2,L1] + k [L2,L1] + [L2,L2]
+ kL1(k)L1 + L2(k)L1 −L2(k)L1 − kL1(k)L1
= k
(
k [L1,L1] + [L1L2]
)
+
(
k [L2,L1] + [L2,L2]
)
+ K (k)L1 −K (k)L1
= 0 by (1) and (2).
We now compute [L1,T ]. We recall that from the definition of T we have
T = l ∂v, where the function l is defined by
l := i
(
A1z1 −A
1
z1
+ A1A1v −A
1A1v
)
.
We thus have:
[L1,T ] = [∂z1 + A
1 ∂v, l ∂v]
=
(
lz1 + A
1 lv − l A
1
v
)
∂v
= P T .
where P is the function defined on M by
P =
lz1 + A
1 lv − l A
1
v
l
.
36 SAMUEL POCCHIOLA
The last bracket that we need to compute is [K ,T ]. Using the Jacobi
identity, we get:
[K ,T ] = i[K , [L1,L1]]
= i [[K ,L1],L1] + i [L1, [K ,L1]]
= i [−L1(k)L1,L1] + i [L1,−L1(k)L1]
= −L1(k)T + iL1 (L1(k))L1 − iL1
(
L1(k)
)
L1
= −L1(k)T − i [L1,L1](k)L1
= −L1(k)T − T (k)L1.
The Jacobi identity actually implies other relations between the functions
P , k and their derivatives with respect to the five vector fields T , L1, L1,
K and K . The following computation of [K , [T ,L1]] aims to determine
an expression of K (P ).
[K , [T ,L1]] = −[K , P T ]
= −K (P )T − P [−L1(k)T − T (k)L1]
= −K (P )T + P L1(k)T + P T (k)L1.
On the other hand, the Jacobi identity gives:
[K , [T ,L1]] = [[K ,T ],L1] + [T , [K ,L1]]
= [−L1(k)T − T (k)L1,L1] + [T ,−L1(k)L1]
= L1 (T (k)) L1 −L1(k) [T ,L1] + L1 (L1(k)) T
−L1(k) [T ,L1]− T (L1(k)) L1
= [L1,T ](k)L1 + 2L1(k) [L1,T ] + L1 (L1(k)) T
= P T (k)L1 + 2L1(k)P T + L1 (L1(k)) T
= P T (k)L1 + (2L1(k)P + L1 (L1(k)) )T .
By identification of both results, we have:
−K (P ) + P L1(k) = 2L1(k)P + L1 (L1(k)) ,
that is:
K (P ) = −P L1(k)−L1 (L1(k)) .
We compute K (P ) in a similar way. We start with a direct computation of
[K , [T ,L1]]:
[K , [T ,L1]] = −[K , P T ]
= −K (P )T − P [−L1(k)T − T (k)L1]
= −K (P )T + P L1(k)T + P T (k)L1.
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The computation using the Jacobi identity gives:
[K , [T ,L1]] = [[K ,T ],L1] + [T , [K ,L1]]
= [−L1(k)T − T (k)L1,L1] + [T ,−L1 L1]
= L1 (L1(k)) T −L1(k) [T ,L1] + L1 (T (k)) L1
− T (k)[L1,L1]− T
(
L1(k)
)
L1 −L1(k)[T ,L1]
= L1 (L1(k)) T + P L1(k)T + [L1,T ](k)L1 + iT (k)T + P L1(k)T
=
(
L1 (L1(k)) + P L1(k) + P L1(k) + iT (k)
)
T + P T (k)L1.
Identification of both results gives:
K (P ) = −P L1(k)−L1 (L1(k))− iT (k).
Let us summarize the results that we have obtained so far. The five vector
fields T , L1, L1, K and K enjoy the following Lie bracket structure:
(3)
[T ,L1] = −P T ,
[T ,L1] = −P T ,
[T ,K ] = L1(k)T + T (k)L1,
[T ,K ] = L1(k)T + T (k)L1,
[L1,L1] = −iT ,
[L1,K ] = L1(k)L1,
[L1,K ] = L1(k)L1,
[L1,K ] = L1(k)L1,
[L1,K ] = L1(k)L1,
[K ,K ] = 0,
where P is a function defined on M . The Jacobi identity implies the fol-
lowing two additional relations:
K (P ) = −P L1(k)−L1 (L1(k)) ,
and
K (P ) = −P L1(k)−L1 (L1(k))− iT (k).
2.3. Structure equations of the initial coframe. From the formula
dω(X, Y ) = X (ω(Y ))− Y (ω(X))− ω ([X, Y ]) ,
where X and Y are two arbitrary vector fields and ω is a 1-form, we de-
duce from equation (3) the structure equations enjoyed by the base coframe
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(ρ0, κ0, ζ0, κ0, ζ0), that is:
(4)
dρ0 = P ρ0 ∧ κ0 −L1(k) ρ0 ∧ ζ0 + P ρ0 ∧ κ0 −L1(k) ρ0 ∧ ζ0 + i κ0 ∧ κ0 ,
dκ0 = −T (k) ρ0 ∧ ζ0 −L1(k) κ0 ∧ ζ0 + L1(k) ζ0 ∧ κ0 ,
dζ0 = 0,
dκ0 = −T (k) ρ0 ∧ ζ0 −L1(k) κ0 ∧ ζ0 −L1(k) κ0 ∧ ζ0 ,
dζ0 = 0.
2.4. Equivalence under biholomorphisms. Let φ be a local biholomor-
phism of C3 such that φ(0) = 0 which preserves M , i.e. such that
φ(M) = M . Then the restriction φM of φ to M is a local real analytic
diffeomorphism of M which satisfies the following two additional condi-
tions:
(1) φM stabilizes the bundle T 1,0M .
(2) φM stabilizes the kernel of the Levi form of M .
As a result, there are three functions f, c and e on M such that:
φM∗(K ) = f K ,
and
φM∗(L1) = cL1 + eK .
Of course, as φM is a real diffeomorphism, we shall also have:
φM∗(K ) = φM∗(K ) = f K ,
and
φM∗(L1) = φM∗(L1) = cL1 + eK .
On the other hand there is a priori no special condition that shall be satisfied
by φM∗(T ), except the fact that it shall be a real vector field, because T is
real. There are thus a real function a and two complex valued functions b
and d such that:
φM∗(T ) = aT + bL1 + dK + bL1 + dK .
We sum up these relations with the following matrix notation:
φM∗

T
L1
K
L1
K
 =

a b d b d
0 c e 0 0
0 0 f 0 0
0 0 0 c e
0 0 0 0 f
 ·

T
L1
K
L1
K
 .
As φM∗ is invertible, the functions a, c and f shall not vanish on M .
The relation between the coframe (ρ0, κ0, ζ0, κ0, ζ0) and the coframe
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φ∗M
(
ρ0, κ0, ζ0, κ0, ζ0
)
is thus given by a plain transposition of the previous
equation, that is:
φ∗M

ρ0
κ0
ζ0
κ0
ζ0
 =

a 0 0 0 0
b c 0 0 0
d e f 0 0
b 0 0 c 0
d 0 0 e f
 ·

ρ0
κ0
ζ0
κ0
ζ0
 .
In fact the function a shall satisfy another condition. As T = i [L1,L1],
we have
φM∗(T ) = i [φM∗(L1), φM∗(L1)]
= i [cL1 + eK , cL1 + eK ]
≡ c cT mod T 1,0M,
On the other hand we have from the definition of a that φM∗(T ) ≡ aT
mod T 1,0M , which implies:
a = c c.
2.5. Initial G-structure. Let G1 be the 10 dimensional real matrix Lie
group whose elements are of the form:
g :=

cc 0 0 0 0
b c 0 0 0
d e f 0 0
b 0 0 c 0
d 0 0 e f
 ,
where c and f are non-zero complex numbers whereas b, d and e are arbi-
trary complex numbers.
Following [24], let us introduce 5 new one-forms ρ, κ, ζ , κ, ζ in accor-
dance with the shape of the ambiguity matrix related to local biholomorphic
equivalences of such kinds of hypersurfaces:
ρ
κ
ζ
κ
ζ
 := g ·

ρ0
κ0
ζ0
κ0
ζ0
 ,
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that is to say, in expanded form:
ρ := cc ρ0,
κ := b ρ0 + cκ0,
ζ := d ρ0 + eκ0 + f ζ0,
κ := b ρ0 + cκ0,
ζv := d ρ0 + eκ0 + f ζ0.
By inverting the matrix:
ρ0
κ0
ζ0
κ0
ζ0
 =

1
cc
0 0 0 0
−b
c2c
1
c
0 0 0
be−cd
c2cf
− e
cf
1
f
0 0
−b
cc
2 0 0
1
c
0
be−cd
cc
2
f
0 0 − e
cf
1
f


ρ
κ
ζ
κ
ζ
 ,
we find how the {}0-indexed forms express in terms of the lifted complete
forms:
(5)
ρ0 =
1
cc
ρ,
κ0 = −
b
c2c
ρ+
1
c
κ,
ζ0 =
be− cd
c2cf
ρ−
e
cf
κ+
1
f
ζ,
κ0 = −
b
cc2
ρ+
1
c
κ,
ζ0 =
be− cd
cc2f
ρ−
e
cf
κ +
1
f
ζ.
3. ABSORPTION OF TORSION AND NORMALIZATION: FIRST LOOP
3.1. Lifted structure equations. We apply the Cartan’s method as ex-
plained in [24]. The first step is to compute the structure equations for
the lifted coframe. With the matrix notations
ω0 :=

ρ0
κ0
ζ0
κ0
ζ0
 , ω :=

ρ
κ
ζ
κ
ζ
 ,
we have
ω = g · ω0.
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As a result, the structure equations for the lifted coframe are related to those
of the base coframe by the relation:
(6) dω = dg · g−1 ∧ ω + g · dω0.
The term dg · g−1 ∧ ω depends only on the structure equations of G1 and
is expressed through its Maurer-Cartan forms. The term g · dω0 contains
the so-called torsion coefficients of the G1-structure. It is computed easily
in terms of the forms ρ, κ, ζ , κ, ζ, by applying the linear change (5) in the
expression of dω0, which is given by the set of equations (4), and a matrix
multiplication by g.
We start with the expression of the Maurer-Cartan forms of G1. They
are given by the linear independant entries of the matrix dg · g−1. An easy
computation gives:
dg · g−1 =

α1 + α1 0 0 0 0
α2 α1 0 0 0
α3 α4 α5 0 0
α2 0 0 α1 0
α3 0 0 α4 α5
 ,
where
α1 :=
dc
c
,
α2 :=
db
cc
−
b dc
c2
c,
α3 :=
dd
cc
−
b de
c2c
+
(−dc+ eb) df
c2cf
,
α4 :=
de
c
−
e df
cf
,
α5 :=
df
f
.
The next step is to express the structure equations of the lifted coframe
from equation (6) as explained above. Rather lenghty but straigtforward
computations give:
dρ = α1 ∧ ρ+ α1 ∧ ρ
+ T ρρκ ρ ∧ κ+ T
ρ
ρζ ρ ∧ ζ + T
ρ
ρκ ρ ∧ κ+ T
ρ
ρζ
ρ ∧ ζ + i κ ∧ κ,
dκ = α1 ∧ κ+ α2 ∧ ρ
+ T κρκ ρ ∧ κ+ T
κ
ρζ ρ ∧ ζ + T
κ
ρκ ρ ∧ κ
+ T κ
ρζ
ρ ∧ ζ + T κκζ κ ∧ ζ + T
κ
κκ κ ∧ κ + T
κ
ζκ ζ ∧ κ,
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dζ = α3 ∧ ρ+ α4 ∧ κ + α5 ∧ ζ
+ T ζρκ ρ ∧ κ+ T
ζ
ρζ ρ ∧ ζ + T
ζ
ρκ ρ ∧ κ
+ T ζ
ρζ
ρ ∧ ζ + T ζκζ κ ∧ ζ + T
ζ
κκ κ ∧ κ+ T
ζ
ζκ ζ ∧ κ,
where the expressions of the torsion coefficients T •
••
are given by the fol-
lowing equations:
T ρρκ = i
b
cc
+
e
cf
L1(k) +
P
c
,
T
ρ
ρζ = −
L1(k)
f
,
T
ρ
ρκ = −i
b
cc
+
e
cf
L1(k) +
P
c
,
T
ρ
ρζ
= −
L1(k)
f
,
T κρκ = −
e
ccf
T (k)−
be
cc2f
L1(k)−
d
ccf
L1(k)+i
bb
c2c2
+
be
c2cf
L1(k)+
b
c2c
P,
T κρζ =
b
c2f
L1(k)−
1
cf
T (k),
T κρκ = −
d
c2f
L1(k) +
be
cc2f
L1(k)− i
b2
c2c2
+
be
cc2f
L1(k) +
b
cc2
P,
T κ
ρζ
= −
b
ccf
L1(k)
T κκζ = −
L1(k)
f
,
T κκκ = −
e
cf
L1(k) + i
b
cc
,
T κζκ =
c
cf
L1(k),
T ζρκ = −
e2
c2cf
T (k)−
be2
c2c2f
L1(k) + i
bd
c2c2
+
d
c2c
P,
T
ζ
ρζ = −
e
ccf
T (k) +
be
cc2f
L1(k) +
be
c2cf
L1(k)−
d
ccf
L1(k),
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T
ζ
ρκ = −
de
cc2f
L1(k) +
be2
c2c2f
L1(k)− i
bd
c2c2
+
de
cc2f
L1(k) +
d
cc2
P,
T
ζ
ρζ
= −
d
ccf
L1(k),
T
ζ
κζ = −
e
ccf
L1(k),
T
ζ
κκ = −
e2
ccf
L1(k) + i
d
cc
,
T
ζ
ζκ =
e
cf
L1(k).
3.2. Normalization of the group parameter f. We now proceed with the
absorption step of Cartan’s method. We introduce the modified Maurer-
Cartan forms α˜i, which are a related to the 1-forms αi by the relations:
α˜i := αi − xiρ ρ − x
i
κ κ− x
i
ζ ζ − x
i
κ κ − x
i
ζ
ζ,
where x1, x2, x3, x4 and x5 are arbitrary complex-valued functions. The
previously written structure equations take the new form:
dρ = α˜1 ∧ ρ+ α˜1 ∧ ρ
+
(
T ρρκ − x
1
κ − x
1
κ
)
ρ ∧ κ +
(
T
ρ
ρζ − x
1
κ − x
1
ζ
)
ρ ∧ ζ
+
(
T
ρ
ρκ − x
1
κ − x
1
κ
)
ρ ∧ κ +
(
T
ρ
ρζ
− x1ζ − x
1
ζ
)
ρ ∧ ζ + i κ ∧ κ,
dκ = α˜1 ∧ κ + α˜2 ∧ ρ
+
(
T κρκ − x
2
κ + x
1
ρ
)
ρ ∧ κ +
(
T κρζ − x
2
κ
)
ρ ∧ ζ
+
(
T κρκ − x
2
κ
)
ρ ∧ κ+
(
T κ
ρζ
− x2
ζ
)
ρ ∧ ζ +
(
T κκζ + x
1
ζ
)
κ ∧ ζ
+
(
T κκκ − x
1
κ
)
κ ∧ κ + T κζκ ζ ∧ κ +
(
T 1
κζ
− x1
κζ
)
κ ∧ ζ,
dζ = α˜3 ∧ ρ+ α˜4 ∧ κ+ α˜5 ∧ ζ
+
(
T ζρκ−x
3
κ+ x
4
ρ
)
ρ∧κ+
(
T
ζ
ρζ −x
3
ζ + x
5
ρ
)
ρ∧ ζ +
(
T ζρκ−x
3
κ
)
ρ ∧ κ
+
(
T
ζ
ρζ
− x3
ζ
)
ρ ∧ ζ +
(
T
ζ
κκ − x
4
κ
)
κ ∧ κ +
(
T
ζ
ζκ − x
5
κ
)
ζ ∧ κ
+
(
x5κ − x
4
ζ
)
κ ∧ ζ − x4κ κ ∧ κ +
(
x5κ − x
4
ζ
)
κ ∧ ζ − x5
ζ
ζ ∧ ζ.
We then choose x1, x2, x3, x4 and x5 in a way that eliminate as many
torsion coefficients as possible. We easily see that the only coefficient which
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can not be absorbed is the one in front of ζ ∧ κ in dκ, because it does not
depend on the xi’s. We choose the normalization
T κζκ = 1,
which yields to:
f =
c
c
L1(k).
We notice that the absorbed structure equations take the form:
dρ = α˜1 ∧ ρ+ α˜1 ∧ ρ+ i κ ∧ κ,
dκ = α˜1 ∧ κ+ α˜2 ∧ ρ+ ζ ∧ κ,
dζ = α˜3 ∧ ρ+ α˜4 ∧ κ+ α˜5 ∧ ζ.
As a preliminary step towards the second loop of the algorithm, we return
to the expression of the lifted coframe. The normalization of f gives the
new relation:
(7)

ρ
κ
ζ
κ
ζ
 =

cc 0 0 0 0
b c 0 0 0
d e c
c
L1(k) 0 0
b 0 0 c 0
0 0 d e c
c
L1(k)
 ·

ρ0
κ0
ζ0
κ0
ζ0
 .
Let us interpret this in the framework of G-structures. We introduce the
new one-form
(8) ζˆ0 = L1(k) · ζ0,
such that the previous equation rewrites:
(9)

ρ
κ
ζ
κ
ζ
 =

cc 0 0 0 0
b c 0 0 0
d e c
c
0 0
b 0 0 c 0
0 0 d e c
c
 ·

ρ0
κ0
ζˆ0
κ0
ζˆ0
 .
We thus have reduced the G1 equivalence problem to a G2 equivalence
problem, where G2 is the 8 dimensional real matrix Lie group whose ele-
ments are of the form
g =

cc 0 0 0 0
b c 0 0 0
d e c
c
0 0
b 0 0 c 0
0 0 d e c
c
 .
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The last task that we need to perform before the second loop of the al-
gorithm is to compute the new structures equations enjoyed by the base
coframe (ρ0, κ0, ζˆ0, κ0, ζˆ0). We easily get:
dρ0 = P ρ0 ∧κ0−
L1(k)
L1(k)
ρ0 ∧ ζˆ0 + P ρ0 ∧κ0−
L1(k)
L1(k)
ρ0 ∧ ζˆ0 + i κ0 ∧ κ0,
dκ0 = −
T (k)
L1(k)
ρ0 ∧ ζˆ0 −
L1(k)
L1(k)
κ0 ∧ ζˆ0 + ζˆ0 ∧ κ0,
dζˆ0 =
T
(
L1(k)
)
L1(k)
ρ0 ∧ ζˆ0 +
L1
(
L1(k)
)
L1(k)
κ0 ∧ ζˆ0
−
L1
(
L1(k)
)
L1(k)
ζˆ0 ∧ κ0 +
L1(k)
L1(k)
ζˆ0 ∧ ζˆ0 .
4. ABSORPTION OF TORSION AND NORMALIZATION: SECOND LOOP
4.1. Lifted structure equations. The Maurer forms of the G2 are given by
the independant entries of the matrix dg · g−1. A straightforward computa-
tion gives
dg · g−1 =

β1 + β1 0 0 0 0
β2 β1 0 0 0
β3 β4 β1 − β1 0 0
β2 0 0 β1 0
β3 0 0 β4 −β1 + β1
 ,
where the forms β1, β2, β3 and β4 are defined by
β1 :=
dc
c
,
β2 :=
db
cc
−
bdc
c2c
,
β3 :=
(−dc+ eb) dc
c3c
−
(−dc+ eb) dc
c2c2
+
dd
cc
−
bde
c2c
,
β4 := −
edc
c2
+
edc
cc
+
de
c
.
Using formula (6), we get the structure equations for the lifted coframe
(ρ, κ, ζ, κ, ζ) from those of the base coframe (ρ0, κ0, ζˆ0, κ0, ζˆ0) by a matrix
multiplication and a linear change of coordinates, as in the first loop:
dρ = β1 ∧ ρ+ β1 ∧ ρ
+ Uρρκ ρ ∧ κ+ U
ρ
ρζ ρ ∧ ζ + U
ρ
ρκ ρ ∧ κ+ U
ρ
ρζ
ρ ∧ ζ + i κ ∧ κ,
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dκ = β1 ∧ κ+ β2 ∧ ρ
+ Uκρκ ρ ∧ κ+ U
κ
ρζ ρ ∧ ζ + U
κ
ρκ ρ ∧ κ
+ Uκ
ρζ
ρ ∧ ζ + Uκκζ κ ∧ ζ + U
κ
κκ κ ∧ κ + ζ ∧ κ,
dζ = β3 ∧ ρ+ β4 ∧ κ+ β1 ∧ ζ − β1 ∧ ζ
+ U ζρκ ρ ∧ κ+ U
ζ
ρζ ρ ∧ ζ + U
ζ
ρκ ρ ∧ κ+ U
ζ
ρζ
ρ ∧ ζ
+ U ζκζ κ ∧ ζ + U
ζ
κκ κ ∧ κ + U
ζ
κζ
κ ∧ ζ + U ζζκ ζ ∧ κ+ U
ζ
ζζ
ζ ∧ ζ.
The torsion coefficients U •
••
are given by:
Uρρκ = i
b
cc
+
ec
c2
L1(k)
L1(k)
+
P
c
,
U
ρ
ρζ = −
c
c
L1(k)
L1(k)
,
U
ρ
ρκ = −i
b
cc
+
ec
c2
L1(k)
L1(k)
+
P
c
,
U
ρ
ρζ
= −
c
c
L1(k)
L1(k)
,
Uκρκ = −
e
c2
T (k)
L1(k)
−
eb
c2c
−
d
c2
L1(k)
L1(k)
+ i
bb
c2c2
+
be
c3
L1(k)
L1(k)
+
b
c2c
P,
Uκρζ =
b
cc
−
1
c
T (k)
L1(k)
,
Uκρκ = −
d
cc
+
eb
c2c
− i
b2
c2c2
+
be
c3
L1(k)
L1(k)
+
b
cc2
P,
Uκ
ρζ
= −
b
c2
L1(k)
L1(k)
,
Uκκζ = −
c
c
L1(k)
L1(k)
,
Uκκκ = −
e
c
+ i
b
cc
,
U ζρκ =
d
c2c
L1
(
L1(k)
)
L1(k)
−
ed
cc2
L1(k)
L1(k)
+
eeb
c3c
L1(k)
L1(k)
+
eb
c2c2
L1
(
L1(k)
)
L1(k)
−
e
c2c
T
(
L1 (k)
)
L1 (k)
+
e2
c3
T (k)
L1(k)
−
e2b
cc3
+ i
db
c2c2
+
d
c2c
P,
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U
ζ
ρζ =
d
c2
L1(k)
L1(k)
−
eb
c3
L1(k)
L1(k)
−
b
cc2
L1
(
L1(k)
)
L1(k)
−
b
c2c
L1
(
L1(k)
)
L1 (k)
+
1
cc
T
(
L1(k)
)
L1(k)
−
e
c2
T (k)
L1(k)
+
eb
c2c
+
be
c3
L1(k)
L1(k)
−
d
c2
L1(k)
L1(k)
,
U
ζ
ρκ = 2
ed
c3
L1(k)
L1(k)
−
eeb
c3c
L1(k)
L1(k)
+
d
cc2
L1
(
L1(k)
)
L1(k)
−
eb
c2c2
L1
(
L1(k)
)
L1(k)
−
ed
c2c
+
e2b
cc3
− i
db
c2c2
+
d
cc2
P,
U
ζ
ρζ
= −2
d
c2
L1(k)
L1(k)
+
eb
cc2
L1(k)
L1(k)
,
U
ζ
κζ =
1
c
L1
(
L1(k)
)
L1(k)
−
ec
c2
L1 (k)
L1(k)
,
U
ζ
κκ =
ee
c2
L1(k)
L1(k)
+
e
cc
L1
(
L1(k)
)
L1(k)
−
e2
c2
+ i
d
cc
,
U
ζ
κζ
= −
e
c
L1(k)
L1(k)
,
U
ζ
ζκ = −
ec
c2
L1(k)
L1(k)
−
1
c
L1
(
L1(k)
)
L1(k)
+
e
c
,
U
ζ
ζζ
=
c
c
L1(k)
L1(k)
.
4.2. Normalization of the group parameter b. We can now perform the
absorption step. As for the first loop, we introduce the modified Maurer-
Cartan forms β˜i which differ from the βi by a linear combination of the
1-forms ρ, κ, ζ , κ, ζ, i.e. that is:
β˜i = βi − yiρ ρ − y
i
κ κ− y
i
ζ ζ − y
i
κ κ − y
i
ζ
ζ.
The structure equations rewrite:
dρ = β˜1 ∧ ρ+ β˜1 ∧ ρ
+
(
Uρρκ − y
1
κ − y
1
κ
)
ρ ∧ κ +
(
U
ρ
ρζ − y
1
ζ − y
1
ζ
)
ρ ∧ ζ
+
(
U
ρ
ρκ − y
1
κ − y
1
κ
)
ρ ∧ κ +
(
U
ρ
ρζ − y
1
ζ
− y1ζ
)
ρ ∧ ζ + i κ ∧ κ,
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dκ = β˜1 ∧ κ + β˜2 ∧ ρ
+
(
Uκρκ + y
1
ρ − y
2
κ
)
ρ ∧ κ +
(
Uκρζ − y
2
ζ
)
ρ ∧ ζ +
(
Uκρκ − y
2
κ
)
ρ ∧ κ
+
(
Uκ
ρζ
− y2
ζ
)
ρ ∧ ζ +
(
Uκκζ − y
1
ζ
)
κ ∧ ζ
+
(
Uκκκ − y
1
κ
)
κ ∧ κ− y1
ζ
κ ∧ ζ + ζ ∧ κ,
dζ = β˜3 ∧ ρ+ β˜4 ∧ κ+ β˜1 ∧ ζ − β˜1 ∧ ζ
+
(
U ζρκ − y
3
κ + y
4
ρ
)
ρ ∧ κ +
(
U
ζ
ρζ − y
3
ζ + y
1
ρ − y
1
ρ
)
ρ ∧ ζ
+
(
U
ζ
ρκ−y
3
κ
)
ρ ∧ κ +
(
U
ζ
κζ−y
4
ζ +y
1
κ−y
1
κ
)
κ∧ζ+
(
U
ζ
κκ−y
4
κ
)
κ∧κ
+
(
U
ζ
κζ
−y4
ζ
)
κ∧ ζ +
(
U
ζ
ζκ−y
1
κ+y
1
κ
)
ζ ∧κ+
(
U
ζ
ζζ
−y1
ζ
+y1ζ
)
ζ ∧ ζ.
We get the following absorption equations:
y1κ + y
1
κ = U
ρ
ρκ, y
1
ζ + y
1
ζ
= Uρρζ , y
1
κ + y
1
κ = U
ρ
ρκ,
y1
ζ
+ y1ζ = U
ρ
ρζ , −y
1
ρ + y
2
κ = U
κ
ρκ, y
2
ζ = U
κ
ρζ ,
y2κ = U
κ
ρκ, y
2
ζ
= Uκ
ρζ
, y1ζ = U
κ
κζ ,
y1κ = U
κ
κκ, y
1
ζ
= 0, y3κ − y
4
ρ = U
ζ
ρκ,
y3ζ − y
1
ρ + y
1
ρ = U
ζ
ρζ , y
3
κ = U
ζ
ρκ, y
4
ζ − y
1
κ + y
1
κ = U
ζ
κζ ,
y4κ = U
ζ
κκ, y
4
ζ
= U ζ
κζ
, y1κ − y
1
κ = U
ζ
ζκ,
y1
ζ
− y1ζ = U
ζ
ζζ
.
Eliminating the y•
•
among these equations leads to the following relations
between the torsion coefficients:
U
ρ
ρκ = U
ρ
ρκ,
U
ρ
ρζ
= Uρρζ ,
U
ρ
ρζ = U
κ
κζ,
U
ζ
ζζ
= −Uρ
ρζ
,
2Uκκκ = U
ζ
ζκ + U
ρ
ρκ.
We verify easily that the first four equations do not depend on the group
coefficients and are already satisfied. However, the last one does depend on
the group coefficients. It gives us the normalization of b as it rewrites:
b = −i ce+ i
c
3
(
L1
(
L1(k)
)
L1(k)
− P
)
.
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We now look at the new relation between the coframe (ρ0, κ0, ζˆ0, κ0, ζˆ0) and
the lifted coframe (ρ, κ, ζ, κ, ζ), when one takes into account the normaliza-
tion (4.2). Indded we have:
ρ = cc ρ0
κ = −i ec ρ0 + c
(
κ0 +
i
3
(
L1
(
L1(k)
)
L1(k)
− P
)
ρ0
)
ζ = d ρ0 + eκ0 +
c
c
ζˆ0.
As in the first loop of the method, we modify the base coframe to get an
interpretation of these equations as a G-structure. Let us introduce:
κˆ0 := κ0 +
i
3
(
L1
(
L1(k)
)
L1(k)
− P
)
ρ0.
The first two equations become
ρ = cc ρ0 and κ = −i ec ρ0 + c κˆ0,
while the third one rewrites:
ζ =
[
d− i
e
3
(
L1
(
L1(k)
)
L1(k)
− P
)]
ρ0 + e κˆ0 +
c
c
ζˆ0.
Let us introduce the new group parameter d′ := d − i e
3
(
L1(L1(k))
L1(k)
− P
)
.
We note that d′ describes C when d describes C. We have thus reduced
the problem to an equivalence of G3-structure, described by the coframe
(ρ, κˆ, ζˆ, κˆ, ζˆ) and the relations:
ρ
κ
ζ
κ
ζ
 =

cc 0 0 0 0
−i ec c 0 0 0
d
′
e c
c
0 0
i ec 0 0 c 0
d
′
0 0 e c
c
 ·

ρ0
κˆ0
ζˆ0
κˆ0
ζˆ0
 .
To simplify the notations, we simply drop the ′ and write d instead of d′ in
the sequel. G3 is the matrix Lie group whose elements are of the form
g =

cc 0 0 0 0
−i ec c 0 0 0
d e c
c
0 0
i ec 0 0 c 0
d 0 0 e c
c
 .
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It is a six dimensional real Lie group. We compute its Maurer Cartan forms
with the usual formula
dg · g−1 =

γ1 + γ1 0 0 0 0
γ2 γ1 0 0 0
γ3 i γ2 γ1 − γ1 0 0
γ2 0 0 γ1 0
−γ3 0 0 −i γ2 −γ1 + γ1

where
γ1 :=
dc
c
,
γ2 := i e
dc
c2
− i
e dc
cc
− i
de
c
and
γ3 :=
(
dc+ i e2c
c2c
)(
dc
c
−
dc
c
)
+
dd
cc
+ i
ede
c2
.
As a preliminary step before the third loop of absorption and normaliza-
tion, we compute the structure equations for the coframe (ρ0, κˆ0, ζˆ0, κˆ0, ζˆ0).
From the formula :
d
(
L1
(
L1(k)
)
L1(k)
− P
)
=
(
−T
(
P
)
−
L1
(
L1(k)
)
T
(
L1(k)
)
L1(k)2
+
T
(
L1
(
L1(k)
))
L1(k)
)
ρ0
+
(
L1
(
L1(k)
)
L1
(
L1(k)
)
L1(k)2
+
L1
(
L1
(
L1(k)
))
L1(k)
−L1
(
P
))
κ0
+
(
L1
(
L1(k)
)
K
(
L1(k)
)
L1(k)2
−K
(
P
)
+
K
(
L1
(
L1(k)
))
L1(k)
)
ζ0
+
(
−
L1
(
L1(k)
)2
L1(k)2
+
L1
(
L1
(
L1(k)
))
L1(k)
−L1
(
P
))
κ0
+
(
−
L1(k)L1
(
L1(k)
)
L1(k)
+ L1(k)P
)
ζ0,
we get:
dρ0 =
(
1
3
L1
(
L1(k)
)
L1(k)
+
2
3
P
)
ρ0 ∧ κˆ0 −
L1(k)
L1(k)
ρ0 ∧ ζˆ0
+
(
1
3
L1
(
L1(k)
)
L1(k)
+
2
3
P
)
ρ0 ∧ κˆ0 −
L1(k)
L1(k)
ρ0 ∧ ζˆ0 + i κˆ0 ∧ κˆ0,
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dκˆ0 =
(
i
9
L1
(
L1(k)
)
L1
(
L1(k)
)
L1(k)L1(k)
+ i
2
9
L1
(
L1(k)
)
L1(k)
P
−
i
9
L1
(
L1(k)
)
L1(k)
P − i
2
9
PP +
i
3
L1
(
P
)
−
i
3
L1
(
L1
(
L1(k)
))
L1(k)
+
i
3
L1
(
L1(k)
)
L1
(
L1(k)
)
L1(k)2
)
ρ0 ∧ κˆ0
+
(
−
i
3
L1
(
L1(k)
)
L1(k)
+
i
3
L1
(
L1(k)
)
K
(
L1(k)
)
L1(k)3
−
i
3
K
(
L1
(
L1(k)
))
L1(k)2
−
i
3
L1
(
L1(k)
)
L1(k)
−
T (k)
L1(k)
)
ρ0 ∧ ζˆ0
+
(
i
4
9
L1
(
L1(k)
)2
L1(k)2
+
i
9
L1
(
L1(k)
)
P
L1(k)
− i
2
9
P
2
+ i
1
3
L1
(
L1
(
L1(k)
))
L1(k)
)
ρ0 ∧ κˆ0
−
L1(k)
L1(k)
κˆ0 ∧ ζˆ0 +
(
1
3
P −
1
3
L1
(
L1(k)
)
L1(k)
)
κˆ0 ∧ κˆ0 + ζˆ0 ∧ κˆ0,
and
dζˆ0 =
(
i
3
L1
(
L1(k)
)
L1
(
L1(k)
)
L1(k)L1(k)
−
i
3
L1
(
L1(k)
)
L1(k)
P
−
i
3
L1
(
L1(k)
)
L1
(
L1(k)
)
L1(k)2
+
i
3
L1
(
L1(k)
)
L1(k)
P +
T
(
L1(k)
)
L1(k)
)
ρ0 ∧ κˆ0
+
L1
(
L1(k)
)
L1(k)
κˆ0 ∧ ζˆ0 −
L1
(
L1(k)
)
L1(k)
ζˆ0 ∧ κˆ0 +
L1(k)
L1(k)
ζˆ0 ∧ ζˆ0.
5. ABSORPTION OF TORSION AND NORMALIZATION: THIRD LOOP
5.1. Lifted structure equations. We are now ready to perform the third
loop of Cartan’s method. We begin with the structure equations for the
lifted coframe. We have:
dρ = γ1 ∧ ρ+ γ1 ∧ ρ
+ V ρρκ ρ ∧ κ+ V
ρ
ρζ ρ ∧ ζ + V
ρ
ρκ ρ ∧ κ + V
ρ
ρζ
ρ ∧ ζ + i κ ∧ κ,
dκ = γ1 ∧ κ+ γ2 ∧ ρ
+ V κρκ ρ ∧ κ+ V
κ
ρζ ρ ∧ ζ + V
κ
ρκ ρ ∧ κ
+ V κ
ρζ
ρ ∧ ζ + V κκζ κ ∧ ζ + V
κ
κκ κ ∧ κ+ ζ ∧ κ,
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dζ = γ3 ∧ ρ+ i γ2 ∧ κ+ γ1 ∧ ζ − γ1 ∧ ζ
+ V ζρκ ρ ∧ κ+ V
ζ
ρζ ρ ∧ ζ + V
ζ
ρκ ρ ∧ κ + V
ζ
ρζ
ρ ∧ ζ
+ V ζκζ κ ∧ ζ + V
ζ
κκ κ ∧ κ + V
ζ
κζ
κ ∧ ζ + V ζζκ ζ ∧ κ + V
ζ
ζζ
ζ ∧ ζ,
where
V ρρκ = −
e
c
+
1
3c
L1
(
L1
(
k
))
L1
(
k
) + 2
3
P
c
+
e c
c2
L1(k)
L1(k)
,
V
ρ
ρζ = −
c
c
L1(k)
L1 (k)
,
V
ρ
ρκ = −
e
c
+
1
3c
L1
(
L1(k)
)
L1(k)
+
2
3
P
c
+
ec
c2
L1(k)
L1(k)
,
V
ρ
ρζ
= −
c
c
L1(k)
L1(k)
,
V κρκ =
i
3
e
c2
K
(
L1
(
L1(k)
))
L1(k)2
−
i
3
e
c2
L1
(
L1(k)
)
K
(
L1(k)
)
L1(k)3
−
i
3
e
c2
L1
(
L1(k)
)
L1(k)
+
2
9
i
cc
L1
(
L1(k)
)
P
L1(k)
−
2i
3
e
c2
P
+
i
3
e
c2
P +
1
3
i
cc
L1(P )−
2
9
i
cc
PP − i
ce2
c3
L1(k)
L1(k)
+
1
9
i
cc
L1
(
L1(k)
)
L1
(
L1(k)
)
L1(k)L1(k)
−
1
9
i
cc
L1
(
L1(k)
)
P
L1(k)
+
i
3
e
c2
L1
(
L1(k)
)
L1(k)
+
1
3
e
c2
T (k)
L1(k)
−
d
c2
L1(k)
L1(k)
+
1
3
i
cc
L1
(
L1(k)
)
L1
(
L1(k)
)
L1(k)2
−
1
3
i
cc
L1
(
L1
(
L1(k)
))
L1(k)
V κρζ =
i
3c
L1
(
L1(k)
)
K
(
L1(k)
)(
L1(k)
)3 − i3c L1
(
L1(k)
)
L1(k)
−
i
3c
K
(
L1
(
L1(k)
))(
L1(k)
)2 − 13c T (k)L1(k) + i ec − i3c L1
(
L1(k)
)
L1(k)
,
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V κρκ = −
2i
3
e
c c
L1
(
L1 (k)
)
L1(k)
+
4i
9
(
L1
(
L1 (k)
))2
c2
(
L1(k)
)2
+
i
9c2
PL1
(
L1(k)
)
L1(k)
−
i
3
P e
cc
−
2i
9
P
2
c2
+
i
3
L1
(
P
)
c2
−
i
3c2
L1
(
L1
(
L1(k)
))
L1(k)
−
d
cc
− i
ee
c2
L1
(
k
)
L1(k)
,
V κ
ρζ
= i
e
c
L1(k)
L1(k)
,
V κκζ = −
c
c
L1(k)
L1 (k)
,
V κκκ = −
1
3c
L1
(
L1(k)
)
L1(k)
+
1
3
P
c
,
V ζρκ =
2i
3
ee
cc2
L1
(
L1(k)
)
L1(k)
+
i
3
ee
c c2
P −
i
3
e
c2c
PL1
(
L1 (k)
)
L1 (k)
+
i
3
e2
c3
L1
(
L1(k)
)
L1(k)
+
d
c2c
L1
(
L1(k)
)
L1(k)
−
ed
cc2
L1(k)
L1(k)
+
2i
3
e
c2c
L1
(
L1(k)
)
L1
(
L1(k)
)
L1(k)2
−
e
c2c
T
(
L1(k)
)
L1(k)
+
i
3
e
c2c
L1(P ) +
5i
9
e
c2c
PL1
(
L1(k)
)
L1(k)
−
i
3
e
c2c
L1
(
L1
(
L1(k)
))
L1(k)
+
1
3
e2
c3
T (k)
L1(k)
+
i
3
e2
c3
L1
(
L1(k)
)
L1(k)
−
d e
c c2
+
2
3
d
c2c
P −
i
9
e
c2c
PL1
(
L1
(
k
))
L1
(
k
)
−
i
3
e2
c3
L1
(
L1(k)
)
K
(
L1 (k)
)(
L1 (k)
)3 + i3 e2c3 K
(
L1
(
L1(k)
))(
L1(k)
)2
−
2i
9
e
c2c
PP −
2i
9
e
c2c
L1
(
L1(k)
)
L1
(
L1(k)
)
L1(k)L1(k)
+ i
ee2
c3
L1
(
k
)
L1(k)
− i
e2e
c2c
+
1
3
d
c2c
L1
(
L1(k)
)
L1(k)
,
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V
ζ
ρζ = −
1
3
e
c2
T (k)
L1(k)
−
d
c2
L1(k)
L1(k)
+
i
3
1
cc
PL1
(
L1(k)
)
L1(k)
+ i
e e
c c
− i
ce2
c3
L1(k)
L1(k)
−
i
3
e
c2
K
(
L1
(
L1(k)
))
L1(k)2
−
i
3
1
c c
PL1
(
L1(k)
)
L1(k)
− i
e
c2
L1
(
L1(k)
)
L1(k)
+
1
cc
T
(
L1(k)
)
L1(k)
−
i
3
e
c2
L1
(
L1(k)
)
L1
(
k
) − i
3
1
cc
L1
(
L1 (k)
)
L1
(
L1(k)
)
L1(k)2
+
i
3
1
cc
L1
(
L1(k)
)
L1
(
L1(k)
)
L1(k)L1(k)
+
i
3
e
c2
L1
(
L1(k)
)
K
(
L1(k)
)
L1(k)3
+ i
2
3
e
c2
L1
(
L1(k)
)
L1(k)
− i
ce2
c3
L1(k)
L1
(
k
) − d
c2
L1(k)
L1(k)
,
V
ζ
ρκ = 2
de
c3
L1
(
k
)
L1(k)
+ i
ee2
c2c
L1(k)
L1(k)
+
4
3
d
c2c
L1
(
L1(k)
)
L1(k)
+
2i
3
e2
c c2
L1
(
L1(k)
)
L1(k)
+
4i
9
e
c2c
(
L1
(
L1(k)
))2
L1(k)2
+
i
9
e
c2c
PL1
(
L1 (k)
)
L1 (k)
+
i
3
e2
cc2
P −
2i
9
e
c2c
P
2
+
i
3
e
c2c
L1
(
P
)
−
i
3
e
c2c
L1
(
L1
(
L1 (k)
))
L1(k)
− 2
ed
cc2
− i
e3
c3
+
2
3
d
c2c
P,
V
ζ
ρζ
= −2
d
c2
L1(k)
L1
(
k
) − i e2
c c
L1(k)
L1(k)
,
V
ζ
κζ =
1
c
L1
(
L1(k)
)
L1(k)
−
e c
c2
L1 (k)
L1(k)
,
V
ζ
κκ =
ee
c2
L1(k)
L1(k)
+
2
3
ec
c
P
L1(k)
+
1
3
e
c c
P −
e2
c2
+ i
d
c c
,
V
ζ
κζ
= −
e
c
L1(k)
L1(k)
,
V
ζ
ζκ = −
ec
c2
L1(k)
L1(k)
−
1
c
L1
(
L1(k)
)
L1(k)
+
e
c
,
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V
ζ
ζζ
=
c
c
L1(k)
L1(k)
.
5.2. Normalization of the group parameter d. As for the previous steps,
we now start the absorption step. We introduce:
γ˜i := γi − ziρ ρ− z
i
κ κ− z
i
ζ ζ − z
i
κ κ− z
i
ζ
ζ.
The structure equations are modified accordingly:
dρ = γ˜1 ∧ ρ+ γ˜1 ∧ ρ
+
(
V ρρκ − z
1
κ − z
1
κ
)
ρ ∧ κ +
(
V
ρ
ρζ − z
1
ζ − z
1
ζ
)
ρ ∧ ζ
+
(
V
ρ
ρκ − z
1
κ − z
1
κ
)
ρ ∧ κ +
(
V
ρ
ρζ
− z1ζ − z
1
ζ
)
ρ ∧ ζ + i κ ∧ κ,
dκ = γ˜1 ∧ κ + γ˜2 ∧ ρ
+
(
V κρκ − z
2
κ + z
1
ρ
)
ρ ∧ κ +
(
V κρζ − z
2
ζ
)
ρ ∧ ζ
+
(
V κρκ − z
2
κ
)
ρ ∧ κ +
(
V κ
ρζ
− z2
ζ
)
ρ ∧ ζ +
(
V κκζ − z
1
ζ
)
κ ∧ ζ
+
(
V κκκ − z
1
κ
)
κ ∧ κ + ζ ∧ κ− z1
ζ
κ ∧ ζ ,
and
dζ = γ˜3 ∧ ρ+ i γ˜2 ∧ κ + γ˜1 ∧ ζ − γ˜1 ∧ ζ
+
(
V ζρκ − z
3
κ + i z
2
ρ
)
ρ ∧ κ +
(
V
ζ
ρζ + z
1
ρ − z
3
ζ − z
1
ρ
)
ρ ∧ ζ
+
(
V
ζ
ρκ−z
3
κ
)
ρ ∧ κ+
(
V
ζ
ρζ
−z3
ζ
)
ρ ∧ ζ +
(
V
ζ
κζ−i z
2
ζ +z
1
κ−z
1
κ
)
κ ∧ ζ
+
(
V
ζ
κκ − i z
2
κ
)
κ ∧ κ +
(
V
ζ
κζ
− i z2
ζ
)
κ ∧ ζ
+
(
V
ζ
ζκ − z
1
κ + z
1
κ
)
ζ ∧ ζ +
(
V
ζ
ζζ
− z1
ζ
+ z1
ζ
)
ζ ∧ ζ .
We thus want to solve the system of linear equations:
z1κ + z
1
κ = V
ρ
ρκ, z
1
κ + z
1
κ = V
ρ
ρκ, z
1
ζ + z
1
ζ
= V ρρζ ,
z1ζ + z
1
ζ
= V ρ
ρζ
, z2κ − z
1
ρ = V
κ
ρζ, z
2
κ = V
κ
ρκ,
z2ζ = V
κ
ρζ , z
2
ζ
= V κ
ρζ
, z1ζ = V
κ
κζ,
z1
ζ
= 0, z1κ = V
κ
κκ, z
3
κ − i z
2
ρ = V
ζ
ρκ,
−z1ρ + z
1
ρ + z
3
ζ = V
ζ
ρζ , z
1
κ − z
1
κ − i z
2
ζ = −V
ζ
κζ, i z
2
κ = V
ζ
κκ,
z3κ = V
ζ
ρκ, z
3
ζ
= V ζ
ρζ
, i z2
ζ
= V ζ
κζ
,
z1κ − z
1
κ = V
ζ
ζκ, z
1
ζ
− z1ζ = V
ζ
ζζ
.
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This is easily done as: 
z1κ = V
ρ
ρκ − V
κ
κκ,
z1κ = V
κ
κκ,
z1ζ = V
ρ
ρζ ,
z1
ζ
= 0,
z2κ = V
κ
ρκ,
z2
ζ
= V κ
ρζ
,
z2ζ = V
κ
ρζ ,
z3κ = V
ζ
ρκ,
z3
ζ
= V ζ
ρζ
,
z3ζ = V
ζ
ρζ + z
1
ρ − z
1
ρ,
z3κ = V
ζ
ρκ + i z
2
ρ,
z2κ = V
κ
ρζ + z
1
ρ,
where z1ρ and z2ρ may be choosen freely. Eliminating the z•• we get the
following additional conditions on the V •
••
:
(10)

V
ρ
ρκ = V
ρ
ρκ,
V
ρ
ρζ
= V ρρζ ,
V
ρ
ρζ = V
κ
κζ,
i V κ
ρζ
= V ζ
κζ
,
V
ρ
ρζ = −V
ζ
ζζ
,
2 V κκκ = V
ρ
ρκ + V
ζ
ζκ.
and
(11)
 i V
κ
ρκ = V
ζ
κκ,
V
ζ
κζ
+ V ζκζ = i V
κ
ρζ.
We easily verify that the equations (10) are indeed satisfied. However
the remaining two equations are not and they provide two essential torsion
coefficients, namely i V κρκ − V
ζ
κκ and V
ζ
κζ
+ V ζκζ − i V
κ
ρζ , which will give us
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at least one new normalization of the group coefficients. Indeed we have
i V κρκ − V
ζ
κκ = −
4
9
1
c2
L1
(
L1(k)
)2
L1(k)2
−
1
9
1
c2
L1
(
L1(k)
)
P
L1(k)
+
2
9
P
2
c2
−
1
3
L1
(
P
)
c2
+
1
3
1
c2
L1
(
L1
(
L1(k)
))
L1(k)
− 2i
d
cc
+
e2
c2
.
Setting this expression to 0, we get the normalization of the parameter d:
d = −i
1
2
e2c
c
+ i
2
9
c
c
L1
(
L1(k)
)2
L1(k)2
+ i
1
18
c
c
L1
(
L1(k)
)
P
L1(k)
− i
1
9
c
c
P
2
+ i
1
6
c
c
L1
(
P
)
− i
1
6
c
c
L1
(
L1
(
L1(k)
))
L1(k)
.
The other equation gives the essential torsion coefficient:
1
c
(
2
3
L1
(
L1(k)
)
L1(k)
+
2
3
L1
(
L1(k)
)
L1(k)
+
1
3
L1
(
L1(k)
)
K
(
L1(k)
)
L1(k)3
−
1
3
K
(
L1
(
L1(k)
))
L1(k)2
+
i
3
T (k)
L1(k)
)
.
In the sequel we define the functions H and W on M5 by:
H :=
2
9
L1
(
L1(k)
)2
L1(k)2
+
1
18
L1
(
L1(k)
)
P
L1(k)
−
1
9
P
2
+
1
6
L1
(
P
)
−
1
6
L1
(
L1
(
L1(k)
))
L1(k)
and
(12) W := 2
3
L1
(
L1(k)
)
L1(k)
+
2
3
L1
(
L1(k)
)
L1(k)
+
1
3
L1
(
L1(k)
)
K
(
L1(k)
)
L1(k)3
−
1
3
K
(
L1
(
L1(k)
))
L1(k)2
+
i
3
T (k)
L1(k)
.
We do not use the normalization c = W at the moment, because this is
allowed only ifW does not vanish. We will deal with this discussion further
during the fourth loop of the algorithm. With these notations, we have
d = −
i
2
e2c
c
+ i
c
c
H.
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As a result, the relations between the base coframe (ρ0, κˆ0, ζˆ0, κˆ0, ζˆ0) and
the lifted coframe (ρ, κ, ζ, κ, ζ) take the form:
ρ = cc ρ0
κ = −i ec ρ0 + c κˆ0
ζ = −i
1
2
e2
cc
ρ0 + e κˆ0 +
c
c
(
ζˆ0 + iH ρ0
)
Here again we explicitly exhibit the new G-structure by letting
ζˇ0 := ζˆ0 + iH ρ0.
With these notations, we have:
ρ = cc ρ0
κ = −i ec ρ0 + c κˆ0
ζ = −i
1
2
e2
cc
ρ0 + e κˆ0 +
c
c
ζˇ0.
We have reduced the previous G3-structure to a G4-structure, where G4 is
the four dimensional matrix Lie group whose elements are of the form:
cc 0 0 0 0
−i ec c 0 0 0
− i
2
e
2
c
c
e c
c
0 0
i ec 0 0 c 0
i
2
e
2
c
c
0 0 e c
c

The basis for the Maurer-Cartan forms of G4 is provided by the four forms
δ1 :=
dc
c
, δ2 := i e
dc
c2
− i
e dc
cc
− i
de
c
, δ1 , δ2.
6. ABSORPTION OF TORSION AND NORMALISATION: FOURTH LOOP
At this stage we could compute the structure equations enjoyed by the
base coframe (ρ0, κˆ0, ζˇ0, κˆ0, ζˇ0), but as this involves rather lenghty compu-
tations, we procceed slightly differently from here. We just substitute the
parameter d by its normalization in the set of structure equations at the third
loop. We have to take into account the fact that dd is modified accordingly.
Indeed we have:
dd = −ie
c
c
−
i
2
e2c
c
(
dc
c
−
dc
c
)
+ iH
c
c
(
dc
c
−
dc
c
)
+ i
c
c
dH
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The forms γ1 and γ2 are not modified as they do not involve terms in dd,
but this is not the case for γ3 which is transformed as:
γ3 =
dd
cc
+ i
e
c2
−
d dc
c2c2
− i e2
dc
c3
+
d dc
cc2
+ i
e2 dc
cc2
= i
dH
c2
The expressions of dρ and dκ are thus unchanged from the expressions
given by the structure equations at the third step, except the fact that we
shall replace d by− i
2
e2c
c
+i c
c
H in the expression of each torsion coefficient
V •
••
and the fact that the forms γ1 and γ2 shall be replaced by the forms δ1
and δ2, that is:
dρ = δ1 ∧ ρ+ δ1 ∧ ρ
+ V ρρκ ρ ∧ κ+ V
ρ
ρζ ρ ∧ ζ + V
ρ
ρκ ρ ∧ κ + V
ρ
ρζ
ρ ∧ ζ + i κ ∧ κ,
and
dκ = δ1 ∧ κ+ δ2 ∧ ρ
+ V κρκ ρ ∧ κ+ V
κ
ρζ ρ ∧ ζ + V
κ
ρκ ρ ∧ κ
+ V κ
ρζ
ρ ∧ ζ + V κκζ κ ∧ ζ + V
κ
κκ κ ∧ κ+ ζ ∧ κ.
The computation of dζ involves the expression of the form γ3 and is
therefore modified as
dζ = i
dH
c2
∧ ρ+ i δ2 ∧ κ + δ1 ∧ ζ − δ1 ∧ ζ
+ V ζρκ ρ ∧ κ+ V
ζ
ρζ ρ ∧ ζ + V
ζ
ρκ ρ ∧ κ + V
ζ
ρζ
ρ ∧ ζ
+ V ζκζ κ ∧ ζ + V
ζ
κκ κ ∧ κ + V
ζ
κζ
κ ∧ ζ + V ζζκ ζ ∧ κ + V
ζ
ζζ
ζ ∧ ζ.
The term dH
c
2 ∧ ρ involves torsion terms in ρ ∧ κ, ρ ∧ ζ , ρ ∧ κ and ρ ∧ ζ,
which only affect the expressions of the coefficients V ζρκ, V
ζ
ρζ , V
ζ
ρκ and V
ζ
ρζ .
If we write W ζρκ, W
ζ
ρζ , W
ζ
ρκ and W
ζ
ρζ for these modified torsion coefficients,
we get
dζ = i δ2 ∧ κ+ δ1 ∧ ζ − δ1 ∧ ζ
+W ζρκ ρ ∧ κ +W
ζ
ρζ ρ ∧ ζ +W
ζ
ρκ ρ ∧ κ+W
ζ
ρζ
ρ ∧ ζ
+ V ζκζ κ ∧ ζ + V
ζ
κκ κ ∧ κ+ V
ζ
κζ
κ ∧ ζ + V ζζκ ζ ∧ κ+ V
ζ
ζζ
ζ ∧ ζ.
Before computing the actual value of the coefficients W •
••
, we proceed
with the absorption phase. We make the two substitutions
δ1 := δ˜1 + w1ρ ρ+ w
1
κ κ+ w
1
ζ ζ + w
1
κ κ+ w
1
ζ
ζ,
δ2 := δ˜2 + w2ρ ρ+ w
2
κ κ+ w
2
ζ ζ + w
2
κ κ+ w
2
ζ
ζ
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in the previous equations. We get:
dρ = δ˜1 ∧ ρ+ δ˜1 ∧ ρ
+
(
V ρρκ − w
1
κ − w
1
κ
)
ρ ∧ κ +
(
V
ρ
ρζ − w
1
ζ − w
1
ζ
)
ρ ∧ ζ
+
(
Vρκ − w
1
κ − w
1
κ
)
ρ ∧ κ +
(
V
ρ
ρζ
− w1ζ − w
1
ζ
)
ρ ∧ ζ ,
dκ = δ˜1 ∧ κ+ δ˜2 ∧ ρ
+
(
V κρκ − w
2
κ + w
1
ρ
)
ρ ∧ κ +
(
V κρζ − w
2
ζ
)
ρ ∧ ζ
+
(
V κρκ − w
2
κ
)
ρ ∧ κ +
(
Vρζ − w
2
ζ
)
ρ ∧ ζ +
(
V κκζ − w
1
ζ
)
κ ∧ ζ
+
(
V κκκ − w
1
κ
)
κ ∧ κ + ζ ∧ κ− w1
ζ
κ ∧ ζ ,
and
dζ = i δ˜2 ∧ κ + δ˜1 ∧ ζ − δ˜1 ∧ ζ
+
(
W ζρκ + i w
2
ρ
)
ρ ∧ κ +
(
W
ζ
ρζ + w
1
ρ − w
1
ρ
)
ρ ∧ ζ
+W ζρκ ρ ∧ κ +W
ζ
ρζ
ρ ∧ ζ +
(
V
ζ
κκ − i w
2
κ
)
κ ∧ κ
+
(
V
ζ
κζ
− i w2
ζ
)
κ ∧ ζ +
(
V
ζ
ζκ − w
1
κ + w
1
κ
)
ζ ∧ ζ .
From the last equation, we immediately see that W ζρκ and W
ζ
ρζ
are two new
essential torsion coefficients. We find the remaining ones by solving the set
of equations:
w1κ + w
1
κ = V
ρ
ρκ, w
1
κ + w
1
κ = V
ρ
ρκ, w
1
ζ + w
1
ζ
= V ρρζ ,
w1ζ + w
1
ζ
= V ρ
ρζ
, w2κ − w
1
ρ = V
κ
ρκ, w
2
κ = V
κ
ρκ,
w2ζ = V
κ
ρζ , w
2
ζ
= V κ
ρζ
, w1ζ = V
κ
κζ,
w1
ζ
= 0, w1κ = V
κ
κκ, −i w
2
ρ = V
ζ
ρκ,
−w1ρ + w
1
ρ = V
ζ
ρζ , w
1
κ − w
1
κ − i w
2
ζ = −V
ζ
κζ , i w
2
κ = V
ζ
κκ,
w1κ − w
1
κ = V
ζ
ζκ, i w
2
ζ
= V ζ
κζ
, w1
ζ
− w1ζ = V
ζ
ζζ
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which lead easily as before to:
(13)

w1κ = V
ρ
ρκ,
w1κ = V
κ
κκ,
w1ζ = V
ρ
ρζ ,
w1
ζ
= 0,
w2κ = V
κ
ρκ,
w2
ζ
= V κ
ρζ
,
w2ζ = V
κ
ρζ ,
w2κ = V
κ
ρκ + w
1
ρ,
w2ρ = W
ζ
ρκ
−w1ρ + w
1
ρ = W
ζ
ρζ .
Eliminating the w•
•
from (13), we get one additionnal condition on the W •
••
which has not yet been checked, namely that W ζρζ shall be purely imagi-
nary. We now need to compute the two essential torsion coefficients W ζρκ
and W ζ
ρζ
. As they both involves the term dH ∧ ρ, we start with the com-
putation of this term. Standard differentiation with respect to base coframe
(ρ0, κ0, ζ0, κ0, ζ0) yields:
dH = T (H) ρ0 + L1(H) κ0 + K (H) ζ0 + L1(H) κ0 + K (H) ζ0.
Taking the wedge product with ρ and using the fact that
κ0 ∧ ρ = κˆ0 ∧ ρ
and
ζ0 ∧ ρ =
ζˇ0
L1(k)
∧ ρ,
which is easily seen from the definitions of κˆ0 and ζˇ0, we get:
dH ∧ ρ =
(
L1(H) κˆ0 +
K (H)
L1(k)
ζˇ0 + L1(H) κˆ0 +
K (H)
L1(k)
ζˇ0
)
∧ ρ.
We now use the expressions of the 1-forms κˆ0 and ζˇ0 in terms of ρ, κ and ζ ,
which are deduced by the use of (5), that is:
κˆ0 = i
e
c2
ρ+
1
c
κ
ζˇ0 = −i
1
2
e2c
c3
ρ−
ec
c2
κ +
c
c
ζ.
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As a result, we get:
dH ∧ ρ =
(
ec
c2
K (H)
L1(k)
−
L1(H)
c
)
ρ ∧ κ −
c
c
K (H)
L1(k)
ρ ∧ ζ
+
(
ec
c2
K (H)
L1(k)
−
L1(H)
c
)
ρ ∧ κ −
c
c
K (H)
L1(k)
ρ ∧ ζ .
Inserting this equation in the expression of dζ , we find that:
dζ = i δ2 ∧ κ+ δ1 ∧ ζ − δ1 ∧ ζ
+
(
V ζρκ +
i
c2c
K (H)
L1(k)
−
i
cc2
L1(H)
)
ρ ∧ κ
+
(
V
ζ
ρζ −
i
cc
K (H)
L1(k)
)
ρ ∧ ζ
+
(
V
ζ
ρκ + i
ec
c4
K (H)
L1(k)
−
i
c3
L1(H)
)
ρ ∧ κ
+
(
V
ζ
ρζ
− i
c
c3
K (H)
L1(k)
)
ρ ∧ ζ + V ζκζ κ ∧ ζ
+ V ζκκ κ ∧ κ + V
ζ
κζ
κ ∧ ζ + V ζζκ ζ ∧ κ + V
ζ
ζζ
ζ ∧ ζ .
We thus have
(14) W ζ
ρζ
= V ζ
ρζ
− i
c
c3
K (H)
L1(k)
and
(15) W ζρκ = V ζρκ + i
ec
c4
K (H)
L1(k)
−
i
c3
L1(H).
We first compute W ζ
ρζ
. Performing the substitution d = − i
2
e2c
cc
+ i c
c
H in
V
ζ
ρζ
gives
(16) V ζ
ρζ
= −2i
c
c3
L1(k)
L1(k)
H.
On the other hand, straightforward computations using the commutation
relations given by the set of equations (3) lead to:
K (H) = −
4
9
L1(k)
L1
(
L1(k)
)2
L1(k)2
−
1
9
L1(k)
L1
(
L1(k)
)
L1(k)
P+
2
9
L1(k)
2 P
2
+
1
3
L1(k)
L1
(
L1
(
L1(k)
))
L1(k)
−
1
3
L1(k)L1
(
P
)
,
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that is:
K (H) = −2L1(k)H.
Combining this with (14) and (16) leads to
W
ζ
ρζ
= 0,
which therefore do not provide any new normalization of the group pa-
rameters. We now turn our attention on W ζρκ. As before, the substitution
d = − i
2
e2c
cc
+ i c
c
H gives
V
ζ
ρκ = 2i
ec
c4
L1(k)
L1(k)
H +
i
c3
(
4
3
L1
(
L1(k)
)
L1(k)
+ P
)
H
+i
e
c2c
(
−
1
3
L1
(
L1(k)
)
L1(k)
−
2
9
P
2
+
1
9
L1
(
L1(k)
)
L1(k)
P +
4
9
L1
(
L1(k)
)2
L1(k)2
+
1
3
L1(P )− 2H
)
,
that is, taking into account the expression of H ,
V
ζ
ρκ = 2i
ec
c4
L1(k)
L1(k)
H +
i
c3
(
4
3
L1
(
L1(k)
)
L1(k)
+ P
)
H.
Combining this equation with (15), we thus get the value of W ζρκ:
W
ζ
ρκ = i
ec
c4
1
L1(k)
(
2L1(k)H + K (H)
)
+
i
c3
[
2
3
(
2
L1
(
L1(k)
)
L1(k)
+ P
)
H −L1(H)
]
=
i
c3
[
2
3
(
2
L1
(
L1(k)
)
L1(k)
+ P
)
H −L1(H)
]
,
as the last equality follows from the relation (16). This provide us with a
new essential torsion coefficient, leading to a new invariant of the problem.
Indeed we define the function J by:
J :=
[
2
3
(
2
L1
(
L1(k)
)
L1(k)
+ P
)
H −L1(H)
]
.
If J does not vanish, one can perform the normalization c3 := J . We now
give the expression of the invariant J in terms of the functions k, P and
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their coframe derivatives. Straightforward computations lead to
L1(H) = −
4
9
L1
(
L1(k)
)3
L1(k)3
+
11
18
L1
(
L1(k)
)
L1
(
L1
(
L1(k)
))
L1(k)2
−
1
18
L1
(
L1(k)
)2
L1(k)2
P +
1
18
L1
(
L1(k)
)
L1(k)
P
+
1
18
L1
(
L1(k)
)
L1
(
P
)
L1(k)
−
2
9
P L1
(
P
)
−
1
6
L1
(
L1
(
L1
(
L1(k)
)))
L1(k)
+
1
6
L1
(
L1
(
P
))
,
which in turn gives the expression of J :
J =
5
18
L1
(
L1(k)
)2
L1(k)2
P +
1
3
P L1
(
P
)
−
1
9
L1
(
L1(k)
)
L1(k)
P
2
+
20
27
L1
(
L1(k)
)3
L1(k)3
−
5
6
L1
(
L1(k)
)
L1
(
L1
(
L1(k)
))
L1(k)2
+
1
6
L1
(
L1(k)
)
L1(P )
L1(k)
−
1
6
L1
(
L1
(
L1(k)
))
L1(k)
P
−
2
27
P
3
−
1
6
L1
(
L1
(
P
))
+
1
6
L1
(
L1
(
L1
(
L1(k)
)))
L1(k)
.
7. CASE J 6= 0
We now turn our attention on the case J 6= 0. We show here how the
last group parameter e can be normalized, reducing thus the G-equivalence
problem to the study of an e-structure. From the normalization c3 = J , we
get
dc
c
=
1
3
dJ
J
.
The expression of dρ is thus modified as:
dρ =
1
3
(
dJ
J
+
dJ
J
)
∧ ρ+V ρρκ ρ ∧ κ+V
ρ
ρζ ρ ∧ ζ+V
ρ
ρκ ρ ∧ κ+V
ρ
ρζ ρ ∧ ζ+i κ∧κ,
which rewrites
dρ = Sρρκ ρ ∧ κ + S
ρ
ρζ ρ ∧ ζ + S
ρ
ρκ ρ ∧ κ + S
ρ
ρζ
ρ ∧ ζ + i κ ∧ κ .
From this expression, we see that Sρρκ, S
ρ
ρζ , S
ρ
ρκ and S
ρ
ρζ
are essential torsion
coefficients. We now turn our attention on the computation of Sρρκ.
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The expression of dJ ∧ ρ is obtained in a similar way as that of dH ∧ ρ,
namely:
dJ ∧ ρ =
(
ec
c2
K (J)
L1(k)
−
L1(J)
c
)
ρ ∧ κ −
c
c
K (J)
L1(k)
ρ ∧ ζ
+
(
ec
c2
K (J)
L1(k)
−
L1(J)
c
)
ρ ∧ κ −
c
c
K (J)
L1(k)
ρ ∧ ζ .
Replacing c by J1/3, we thus get that(
dJ
J
+
dJ
J
)
∧ ρ =[
e
L1(k)
J
1/3
J2/3
(
K (J)
J
+
K
(
J
)
J
)
−
L1(J)
J4/3
−
L1
(
J
)
J1/3 J
]
ρ ∧ κ
−
1
L1(k)
J
1/3
J1/3
(
K (J)
J
+
K
(
J
)
J
)
ρ ∧ ζ
+
[
e
L1(k)
J1/3
J
2/3
(
K (J)
J
+
K
(
J
)
J
)
−
L1(J)
JJ
1/3
−
L1
(
J
)
J
4/3
]
ρ ∧ κ
−
1
L1(k)
J1/3
J
1/3
(
K (J)
J
+
K
(
J
)
J
)
ρ ∧ ζ
On the other hand, after replacing c by its normalization in V ρρκ, we get:
V
ρ
ρκ = −
e
J1/3
+
1
3
1
J
1/3
L1
(
L1(k)
)
L1(k)
+
2
3
P
J
1/3
+ e
J1/3
J
2/3
L1(k)
L1(k)
.
We thus obtain the following essential torsion coefficient, which depends
on e and e:
S
ρ
ρκ = −
e
J1/3
+
e
L1(k)
J1/3
J
2/3
(
L1(k) +
1
3
K (J)
J
+
1
3
K (J)
J
)
+
1
3
1
J
1/3
(
2P +
L1
(
L1(k)
)
L1(k)
−
L1(J)
J
−
L1(J)
J
)
.
The actual computation of the other essential torsion coefficients Sρρκ, S
ρ
ρζ
and Sρ
ρζ
do not lead to any useful equation depending in e. On the other
hand, the study of the third structure equation provides us with another
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meaningful essential torsion coefficient. Indeed we have:
dζ = i δ2 ∧ κ+
1
3
(
dJ
J
−
dJ
J
)
∧ ζ
+W ζρκ ρ ∧ κ +W
ζ
ρζ ρ ∧ ζ +W
ζ
ρκ ρ ∧ κ+W
ζ
ρζ
ρ ∧ ζ
+ V ζκζ κ ∧ ζ + V
ζ
κκ κ ∧ κ+ V
ζ
κζ
κ ∧ ζ + V ζζκ ζ ∧ κ+ V
ζ
ζζ
ζ ∧ ζ,
which, taking into account the facts that W ζρκ = 0 and that W
ζ
ρζ
as been
normalized to 1, can be rewritten as
dζ = i δ2 ∧ κ
+ Sζρκ ρ ∧ κ+ S
ζ
ρζ ρ ∧ ζ + ρ ∧ ζ
+Sζκζ κ∧ ζ +S
ζ
κκ κ∧κ+S
ζ
κζ
κ∧ ζ +Sζζκ ζ ∧κ+S
ζ
ζζ
ζ ∧ ζ,
where the S•
••
are new torsion coeficients. We easily deduce from this equa-
tion that
S
ζ
ζκ = V
ζ
ζκ +
1
3
[
e
L1(k)
J1/3
J
2/3
(
K (J)
J
−
K
(
J
)
J
)
−
L1(J)
JJ
1/3
+
L1
(
J
)
J
4/3
]
is an essential torsion coefficient. From the expression of V ζζκ obtained by
performing the substitution c := J 13 , we have
S
ζ
ζκ =
e
J1/3
− e
J1/3
J
2/3
L1(k)
L1(k)
−
1
J
1/3
L1
(
L1(k)
)
L1(k)
+
1
3
[
e
L1(k)
J1/3
J
2/3
(
K (J)
J
−
K
(
J
)
J
)
−
L1(J)
JJ
1/3
+
L1
(
J
)
J
4/3
]
.
We now substract the two essential torsion coefficients that we have get so
far:
− Sρρκ + S
ζ
ζκ = 2
e
J1/3
− 2 e
J1/3
J
2/3
1
L1(k)
(
L1(k) +
1
3
K (J)
J
)
+
2
3
1
J
1/3
(
L1(J)
J
− 2
L1
(
L1(k)
)
L1(k)
− P
)
.
From the full expression of K (J) in terms of the coframe derivatives, ob-
tained by using extensively the commutations relations (3), we find the re-
lation:
1
3
K
(
J
)
+ L1(k) · J = 0,
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from which we deduce that the following expression:
e
J1/3
+
1
3
1
J
1/3
(
L1(J)
J
− 2
L1
(
L1(k)
)
L1(k)
− P
)
is an essential torsion coefficient. Setting this coefficient to zero, gives the
normalization of e:
e =
1
3
J1/3
J
1/3
(
−
L1(J)
J
+ 2
L1
(
L1(k)
)
L1(k)
+ P
)
.
8. CASE W 6= 0
We now assume that the fonction W does not vanish on M , and we show
how the group parameter e can be normalized. We choose the normaliza-
tion c := W . We recall that prior to this last normalization, the structure
equations read:
dρ = δ1 ∧ ρ + δ1 ∧ ρ
+ V ρρκ ρ ∧ κ + V
ρ
ρζ ρ ∧ ζ + V
ρ
ρκ ρ ∧ κ + V
ρ
ρζ
ρ ∧ ζ + i κ ∧ κ ,
dκ = δ1 ∧ κ + δ2 ∧ ρ
+ V κρκ ρ ∧ κ + V
κ
ρζ ρ ∧ ζ + V
κ
ρκ ρ ∧ κ
+ V κ
ρζ
ρ ∧ ζ + V κκζ κ ∧ ζ + V
κ
κκ κ ∧ κ + ζ ∧ κ
and
dζ = i δ2 ∧ κ + δ1 ∧ ζ − δ1 ∧ ζ
+W ζρκ ρ ∧ κ +W
ζ
ρζ ρ ∧ ζ +W
ζ
ρκ ρ ∧ κ + V
ζ
κζ κ ∧ ζ
+ V ζκκ κ ∧ κ + V
ζ
κζ
κ ∧ ζ + V ζζκ ζ ∧ κ + V
ζ
ζζ
ζ ∧ ζ ,
where
δ1 =
dc
c
, δ2 = i e
dc
c2
− i
e dc
cc
− i
de
c
,
and
W
ζ
ρκ = i
J
c3
.
As we have
δ2 = −i
e dc
cc
− i d
(e
c
)
,
it is convenient to introduce the new parameter ǫ defined by
ǫ :=
e
c
.
With the normalization c := W , we get:
δ1 =
dW
W
,
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δ2 = −i dǫ− iǫ
dW
W
and
W
ζ
ρκ = i
J
W 3
.
As a result, the new structure equations take the form:
dρ = Xρρκ ρ ∧ κ +X
ρ
ρζ ρ ∧ ζ +X
ρ
ρκ ρ ∧ κ +X
ρ
ρζ
ρ ∧ ζ + i κ ∧ κ ,
dκ = −i dǫ ∧ ρ
+Xκρκ ρ ∧ κ +X
κ
ρζ ρ ∧ ζ +X
κ
ρκ ρ ∧ κ +X
κ
ρζ
ρ ∧ ζ
+Xκκζ κ ∧ ζ +X
κ
κκ κ ∧ κ +X
κ
κζ
κ ∧ ζ + ζ ∧ κ,
dζ = dǫ ∧ κ
+Xζρκ ρ ∧ κ +X
ζ
ρζ ρ ∧ ζ +X
ζ
ρκ ρ ∧ κ +X
ζ
κζ κ ∧ ζ
+Xζκκ κ ∧ κ +X
ζ
κζ
κ ∧ ζ +Xζζκ ζ ∧ κ +X
ζ
ζζ
ζ ∧ ζ ,
for a new set of torsion coefficients X•
••
. The absorption process is straight-
forward and leads to the following essential torsion coefficients:
Xρρκ, X
ρ
ρζ , X
ρ
ρκ, X
ρ
ρζ
,
Xκκζ , X
κ
κκ, X
κ
κζ
, X
ζ
ρζ ,
X
ζ
ρκ, X
ζ
ζκ, X
ζ
ζζ
, i X
ζ
κζ +X
κ
ρζ ,
i X
ζ
κκ +X
κ
ρκ, i X
ζ
κζ
+Xκ
ρζ
.
The careful computation of the coefficient Xκκκ gives:
Xκκκ = ǫ
K (W )
WL1(k)
−
L1 (W )
WW
−
1
3
L1
(
L1(k)
)
WL1(k)
+
1
3
P
W
.
The expression of K (W ) can be simplified by using the commutations
relations (3), as in the case of K (J). We find the relation:
K (W ) + 2L1(k)W = 0,
from which we deduce that Xκκκ rewrites:
Xκκκ = −2 ǫ−
L1 (W )
WW
−
1
3
L1
(
L1(k)
)
WL1(k)
+
1
3
P
W
.
Setting this coefficient to zero, we get a normalization of ǫ, and hence of e,
provided that K (W ) does not vanish on M , which is given by the follow-
ing lemma:
Lemma 1. K (W ) does not vanish identically on M .
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Proof. The computation of K (W ), using the commutation relations (3)
leads to the following formula:
K (W ) + 2L1(k)W + 2iT (k) = 0.
If K (W ) = 0 then W = i T (k)
L1(k)
which implies K (W ) = −iT (k) (using
(3) once again), that is
K (W ) = WL1(k),
which gives a contradiction with the fact that W 6= 0. 
9. CASE J = 0 AND W = 0
We show that in this case, M is biholomorphically equivalent to the light
cone. We start by showing that the coefficient W ζρζ is purely imaginary,
which implies that no further group reductions are allowed at this stage.
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The full computation of this coefficient leads to:
i ccW
ζ
ρζ = −
1
6
L1(P )−
1
6
L1(P )−
2
3
c e
c
L1
(
L1(k)
)
L1(k)
+
1
2
c2 e2
c2
L1(k)
L1(k)
+ i
T
(
L1(k)
)
L1(k)
+
1
3
ce
c
K
(
L1
(
L1(k)
))
L1(k)2
+
1
3
c e
c
L1
(
L1(k)
)
L1(k)
+
1
2
c2 e2
c2
L1(k)
L1(k)
−
1
3
c e
c
L1
(
L1(k)
)
K
(
L1(k)
)
L1(k)3
+
1
18
L1(k)L1
(
L1(k)
)
L1(k)2
P −
1
3
L1
(
L1(k)
)
L1
(
L1(k)
)
L1(k)L1(k)
−
1
18
K
(
L1(k)
)
L1
(
L1(k)
)
L1(k)3
P − e e
+
2
9
P P +
4
9
L1
(
L1(k)
)
K
(
L1
(
L1(k)
))
L1(k)3
−
1
6
K
(
L1
(
L1
(
L1(k)
)))
L1(k)2
−
1
6
L1
(
L1
(
L1(k)
))
L1(k)
−
1
9
L1(k)
L1(k)
P
2
−
1
6
L1(k)L1
(
L1
(
L1(k)
))
L1(k)2
+
1
6
L1(k)L1(P )
L1(k)
+
1
6
L1(k)L1(P )
L1(k)
−
4
9
K
(
L1(k)
)
L1
(
L1(k)
)2
L1(k)4
−
1
9
L1(k)P
2
L1(k)
+
1
18
K
(
L1
(
L1(k)
))
P
L1(k)2
+
2
9
L1(k)L1
(
L1(k)
)2
L1(k)3
−
1
6
L1(k)L1
(
L1
(
L1(k)
))
L1(k)2
+
5
18
L1
(
L1(k)
)
L1
(
L1(k)
)
L1(k)2
+
2
9
L1(k)L1
(
L1(k)
)2
L1(k)3
+
1
6
K
(
L1(k)
)
L1
(
L1
(
L1(k)
))
L1(k)3
−
1
9
L1
(
L1(k)
)
L1(k)
P +
1
9
L1
(
L1(k)
)
L1(k)
P
+
1
18
L1(k)L1
(
L1(k)
)
L1(k)2
P +
ce
c
L1
(
L1(k)
)
L1(k)
−
i
3
ec
c
T (k)
L1(k)
−
i
3
L1 (T (k))
L1(k)
−
i
9
L1
(
L1(k)
)
L1(k)2
T (k) +
4i
9
P
L1(k)
T (k).
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As we shall check that this expression is real, we just drop the terms which
come together with their conjugate counterpart, i.e., we perform a compu-
tation mod R. We thus get:
i ccW
ζ
ρζ ≡ −
2
3
c e
c
L1
(
L1(k)
)
L1(k)
+ i
T
(
L1(k)
)
L1(k)
+
1
3
ce
c
K
(
L1
(
L1(k)
))
L1(k)2
+
1
3
c e
c
L1
(
L1(k)
)
L1(k)
−
1
3
c e
c
L1
(
L1(k)
)
K
(
L1(k)
)
L1(k)3
−
1
18
K
(
L1(k)
)
L1
(
L1(k)
)
L1(k)3
P
+
4
9
L1
(
L1(k)
)
K
(
L1
(
L1(k)
))
L1(k)3
−
1
6
K
(
L1
(
L1
(
L1(k)
)))
L1(k)2
−
4
9
K
(
L1(k)
)
L1
(
L1(k)
)2
L1(k)4
+
1
18
K
(
L1
(
L1(k)
))
P
L1(k)2
+
5
18
L1
(
L1(k)
)
L1
(
L1(k)
)
L1(k)2
+
1
6
K
(
L1(k)
)
L1
(
L1
(
L1(k)
))
L1(k)3
−
1
9
L1
(
L1(k)
)
L1(k)
P
+
1
9
L1
(
L1(k)
)
L1(k)
P +
ce
c
L1
(
L1(k)
)
L1(k)
−
i
3
ec
c
T (k)
L1(k)
−
i
3
L1 (T (k))
L1(k)
−
i
9
L1
(
L1(k)
)
L1(k)2
T (k) +
4i
9
P
L1(k)
T (k).
We now give an expression of i ccW ζρζ in terms of the function W and its
derivative by L1. Using the expression of W given by (12) and dropping
once again the terms which come with their conjugate counterpart, we get
the formula:
i ccW
ζ
ρζ ≡
1
6
(
L1
(
L1(k)
)
L1(k)
− P
)
W +
1
2
L1(W )−
ec
c
W,
from which we get that W ζρζ is purely imaginary under that assumption that
W does vanish identically on M .
The normalization step of Cartan’s algorithm stops here and we shall now
perform a prolongation of the problem. We introduce the modified Maurer
Cartan forms of the group G4, namely:{
δˆ1 := δ1 − w1ρ ρ− w
1
κ κ− w
1
ζ ζ − w
1
κ κ− w
1
ζ
ζ
δˆ2 := δ2 − w2ρ ρ− w
2
κ κ− w
2
ζ ζ − w
2
κ κ− w
2
ζ
ζ
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where wiρ, wiκ, wiζ , wiκ, wiζ , i = 1, 2, are the solutions of the system of
equations (13) corresponding to w1ρ + w1ρ = 0, that is:

δˆ1 := δ1 +
1
2
V
ζ
ρζ ρ− V
ρ
ρκ κ− V
ρ
ρζ ζ − V
κ
κκ κ
δˆ2 := δ2 − V ζρκ ρ−
(
V κρκ −
1
2
V
ζ
ρζ
)
κ− V κρζ ζ − V
κ
ρκ κ− V
κ
ρζ
ζ.
We also introduce the modified Maurer Cartan forms which correspond to
solutions of the system (13) when Re(w1ρ) is not necessarily set to zero,
namely:
{
π1 := δˆ1 − Re(w1ρ) ρ
π2 := δˆ2 − Re(w1ρ) κ.
Let P 9 be the nine dimensionnal G4-structure constituted by the set
of all coframes of the form (ρ, κ, ζ, κ, ζ) on M . The initial coframe
(ρ0, κ0, ζ0, κ0, ζ0) gives a natural trivialisation P 9
p
−→ M × G4 which
allows us to consider any differential form on M or G4 as a differen-
tial form on P 9. If ω is a differential form on M for example, we just
consider p∗(pr∗1(ω)), where pr1 is the projection on the first component
M × G4
pr1
−→ M . We still denote this form by ω in the sequel. Fol-
lowing [24], we introduce the two coframes (ρ, κ, ζ, κ, ζ, δ1, δ2, δ1, δ2) and
(ρ, κ, ζ, κ, ζ, π1, π2, π1, π2) on P 9. Setting t := −Re(w1ρ), they relate to
each other by the relation:

ρ
κ
ζ
κ
ζ
π1
π2
π1
π2

= gt ·

ρ
κ
ζ
κ
ζ
δ1
δ2
δ1
δ2

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where gt is defined by
gt :=

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
t 0 0 0 0 1 0 0 0
0 t 0 0 0 0 1 0 0
t 0 0 0 0 0 0 1 0
0 0 0 t 0 0 0 0 1

.
The set {gt, t ∈ R} defines a one dimensional Lie group Gprol, whose Mau-
rer Cartan form is given by dt. We now start the absorption-normalization
procedure in Cartan’s method on P 9.
From the definition of π1 and π2 as the solutions of the absorption equa-
tions (13), the five first structure equations read as
(17)
dρ = π1 ∧ ρ+ π1 ∧ ρ+ i κ ∧ κ,
dκ = π1 ∧ κ + π2 ∧ ρ+ ζ ∧ κ,
dζ = i π2 ∧ κ + π1 ∧ ζ − π1 ∧ ζ,
dκ = π1 ∧ κ + π2 ∧ ρ− κ ∧ ζ,
dζ = −i π2 ∧ κ+ π1 ∧ ζ − π1 ∧ ζ.
The computations that follow aim to determine the expressions of dπ1
and dπ2. Both of these expressions can be deduced from the the set of
equations (17). For example, taking the exterior derivative of both sides of
the equation giving dρ, we get:
0 = dπ1 ∧ ρ− π1 ∧ dρ+ dπ1 ∧ ρ− π1 ∧ dρ+ i dκ ∧ κ− i κ ∧ dκ.
Replacing each two-form dρ, dκ and dκ by its expression given by (17)
yields:
0 = dπ1 ∧ ρ+ dπ1 ∧ ρ− π1 ∧
(
π1 ∧ ρ+ π1 ∧ ρ+ i κ ∧ κ
)
− π1 ∧
(
π1 ∧ ρ+ π1 ∧ ρ+ i κ∧ κ
)
+ i
(
π1 ∧ κ+ π2 ∧ ρ+ ζ ∧ κ
)
∧ κ
− i κ ∧
(
π1 ∧ κ+ π2 ∧ ρ− κ ∧ ζ
)
,
which can be simplified as:
0 =
(
dπ1 − i κ ∧ π2 + dπ1 + i κ ∧ π2
)
∧ ρ.
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Performing the same computation from the equation giving dκ, we get:
0 = dπ1 ∧ κ− π1 ∧ dκ+ dπ2 ∧ ρ− π2 ∧ dρ+ dζ ∧ κ− ζ ∧ dκ,
that is:
0 = dπ1 ∧ κ− π1 ∧
(
π1 ∧ κ+ π2 ∧ ρ+ ζ ∧ κ
)
+ dπ2 ∧ ρ− π2 ∧
(
π1 ∧ ρ+ π1 ∧ ρ+ i κ ∧ κ
)
+
(
i π2∧κ+π1 ∧ ζ−π1∧ ζ
)
∧κ− ζ ∧
(
π1∧κ+π2∧ρ−κ∧ ζ
)
,
which yields:
0 =
(
dπ1 − ζ ∧ ζ
)
∧ κ+
(
dπ2 − π2 ∧ π1 − ζ ∧ π2
)
∧ ρ.
On the other hand, the same computation with the equation giving dζ
leads to
0 = i dπ2 ∧ κ− i π2 ∧
(
π1 ∧ κ + π2 ∧ ρ+ ζ ∧ κ
)
+ dπ1 ∧ ζ
− dπ1 ∧ ζ +
(
π1 − π1
)
∧
(
i π2 ∧ κ+ π1 ∧ ζ − π1 ∧ ζ
)
,
that is:
0 =
(
dπ1 − dπ1 − i κ ∧ π2
)
∧ ζ + i
(
dπ2 − π2 ∧ π1
)
∧ κ.
Let us introduce the two-forms Ω1 and Ω2 defined by
Ω1 := dπ
1 − i κ ∧ π2 − ζ ∧ ζ,
and
Ω2 := dπ
2 − π2 ∧ π1 − ζ ∧ π2.
With these notations, the three equations that we have obtained so far
rewrite:
(18)

0 =
(
Ω1 + Ω1
)
∧ ρ,
0 = Ω1 ∧ κ + Ω2 ∧ ρ,
0 =
(
Ω1 − Ω1
)
∧ ζ + iΩ2 ∧ κ.
Taking the exterior product with κ in the second equation gives:
0 = Ω2 ∧ ρ ∧ κ,
from which we can deduce the two relations:
0 =
(
Ω1 + Ω1
)
∧ ρ ∧ ζ,
0 =
(
Ω1 − Ω1
)
∧ ρ ∧ ζ,
which yields:
Ω1 ∧ ρ ∧ ζ = 0.
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This implies the existence of two 1-forms α and β such that:
Ω1 = α ∧ ρ+ β ∧ ζ.
Similarly, there exist two 1-form γ and δ such that:
Ω2 = γ ∧ ρ+ δ ∧ κ.
Inserting these two expressions in the second equation of (18), we obtain
the existence of a real 1-form Λ such that:
Ω1 = Λ ∧ ρ,
Ω2 = Λ ∧ κ.
If we come back to the expression of dπ1 and dπ2, we get the two following
additional structure equations:
dπ1 = i κ ∧ π2 + ζ ∧ ζ + Λ ∧ ρ,
dπ2 = π2 ∧ π1 + ζ ∧ π2 + Λ ∧ κ.
From the definition of π1 and π2, Λ shall involve a term in dt. By adding
Λ to the set of 1-forms ρ, κ, ζ , κ, ζ, π1, π2, π1, π2, we thus get a 10-
dimensional {e}-structure on Gprol×P 9, which constitutes the second (and
last) 1-dimensional prolongation to the equivalence problem. It remains to
compute the exterior derivative of Λ, which is done in what follows.
Taking the exterior derivative of the equation giving dπ1, we get:
0 = i dκ ∧ π2 − i κ ∧ dπ2 + dζ ∧ ζ − ζ ∧ dζ + dΛ ∧ ρ− Λ ∧ dρ,
that is
0 = i
(
π1 ∧ κ+ π2 ∧ ρ+ ζ ∧ κ
)
∧ π2 − i κ ∧
(
π2 ∧ π1 + ζ ∧ π2 +Λ ∧ κ
)
+
(
i π2∧κ+π1∧ ζ−π1∧ ζ
)
∧ ζ− ζ ∧
(
−i π2∧κ+π1∧ ζ−π1∧ ζ
)
+ dΛ ∧ ρ− Λ ∧
(
π1 ∧ ρ+ π1 ∧ ρ+ i κ ∧ κ
)
,
which yields:
0 =
(
dΛ− Λ ∧ π1 − Λ ∧ π1 − i π2 ∧ π2
)
∧ ρ.
On the other hand, a similar computation starting from the expression of
dπ2 gives:
0 = dπ2 ∧ π1 − π2 ∧ dπ1 + dζ ∧ π2 − ζ ∧ dπ2 + dΛ ∧ κ− Λ ∧ dκ,
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that is(
π2 ∧ π1 + ζ ∧ π2 +Λ∧ κ
)
∧ π1− π2 ∧
(
−κ∧ π2 + ζ ∧ ζ +Λ∧ ρ
)
+
(
i π2∧κ+π1∧ ζ−π1∧ ζ
)
∧π2− ζ ∧
(
π2∧π1+ ζ ∧π2+Λ∧κ
)
+ dΛ ∧ κ− Λ ∧
(
π1 ∧ κ+ π2 ∧ ρ+ ζ ∧ κ
)
,
or (
dΛ− i π2 ∧ π2 − Λ ∧ π1 − Λ ∧ π1
)
∧ κ = 0.
From these last two equations, we deduce that:
dΛ = i π2 ∧ π2 + Λ ∧ π1 + Λ ∧ π1.
Summing up the results that we have obtained so far, the ten 1-differential
forms ρ, κ, ζ , κ, ζ, π1, π2, π1, π2, Λ, satisfy the structure equations:
dρ = π1 ∧ ρ+ π1 ∧ ρ+ i κ ∧ κ,
dκ = π1 ∧ κ+ π2 ∧ ρ+ ζ ∧ κ,
dζ = i π2 ∧ κ + π1 ∧ ζ − π1 ∧ ζ,
dκ = π1 ∧ κ+ π2 ∧ ρ− κ ∧ ζ,
dζ = −i π2 ∧ κ+ π1 ∧ ζ − π1 ∧ ζ,
dπ1 = i κ ∧ π2 + ζ ∧ ζ + Λ ∧ ρ,
dπ2 = π2 ∧ π1 + ζ ∧ π2 + Λ ∧ κ,
dΛ = i π2 ∧ π2 + Λ ∧ π1 + Λ ∧ π1.
The torsion coefficients of these structure equations are all constant, and
they do not depend on the graphing function F of M . This proves that all
the hypersurfaces M which satisfy
J = W = 0
are locally biholomorphic. A direct computation shows that the hypersur-
face defined by
u =
z1z1 +
1
2
z21z2 +
1
2
z21z2
1− z2z2
is precisely such that J = W = 0. This completes the proof of theorem 1.
REFERENCES
[1] Aghasi, M.; Merker, J.; Sabzevari, M.: Effective Cartan-Tanaka connections on
strongly pseudoconvex hypersurfaces M3 ⊂ C2, arxiv.org/abs/1104.1509
[2] Baouendi, M.S.; Ebenfelt, P.; Rothschild, L.P.: Real submanifolds in complex
space and their mappings. Princeton Mathematical Series, 47, Princeton University
Press, Princeton, NJ, 1999, xii+404 pp.
77
[3] Beloshapka, V.K.; Ezhov, V.; Schmalz, G.: Canonical Cartan connection and
holomorphic invariants on Engel CR manifolds, Russian J. Mathematical Physics 14
(2007), no. 2, 121–133.
[4] Boggess, A.: CR manifolds and the tangential Cauchy-Riemann complex. Studies
in Advanced Mathematics. CRC Press, Boca Raton, FL, 1991, xviii+364 pp.
[5] Chern, S.-S.: On the projective structure of a real hypersurface in Cn+1, Math.
Scand. 36 (1975), 74–82.
[6] Chern, S.S.; Moser, J.K.: Real hypersurfaces in complex manifolds, Acta Math. 133
(1974), no. 2, 219–271.
[7] Ebenfelt, P.: Normal forms and biholomorphic equivalences of real hypersurfaces in
C3, Indiana Univ. Math. J. 47 (1998), 311–366.
[8] Ebenfelt, P.: Correction to "Uniformly Levi degenerate CR manifolds: the 5-
dimensional case, Duke Math. J. 131 (2006), 589–591.
[9] Ezhov, V.; McLaughlin, B.; Schmalz, G.: From Cartan to Tanaka: Getting Real in
the Complex World, Notices of the AMS (2011) 58, no. 1.
[10] Isaev, A.; Zaitsev, D.: Reduction of five-dimensional uniformaly degenerate Levi
CR structures to absolute parallelisms, J. Anal. 23 (2013), no. 3, 1571–1605.
[11] Fels, G.; Kaup, W.: Classification of Levi-degenerate homogeneous CR-manifolds
in dimension 5, Acta. Math. 201 (2008), 1–82.
[12] Fels, G.; Kaup, W.: CR-manifolds of dimension 5: a Lie algebra approach, J. reine
angew. Math. 604 (2007)
[13] Gaussier, H.; Merker, J.: A new example of uniformly Levi nondegenerate hyper-
surface in C3, Ark. Mat. 41 (2003), no. 1, 85–94.
[14] Grissom, C.; Thompson, G.; Wilkens, G.: Linearization of second order ordinary
differential equations via Cartan’s equivalence method, J. Diff. Eq. 77 (1989), no. 1,
1–15.
[15] Hachtroudi, M.: Les espaces d’éléments à connexion projective normale, Actualités
Scientifiques et Industrielles, vol. 565, Paris, Hermann, 1937.
[16] Jacobowitz, H.: An introduction to CR structures, Math. Surveys and Monographs,
Amer. Math. Soc., Providence, 1990.
[17] Kobayashi, S.: Transformation groups in differential geometry, Ergebnisse der
Mathematik und ihrer Grenzgebiete, 70, Springer-Verlag, New-York Heidelberg
Berlin, 1972.
[18] Medori, C.; Spiro, A.: The equivalence problem for 5-dimensional Levi degenerate
CR manifolds, Int. Math. Res. Not. (to appear), DOI: 10.1093/imrn/rnt129.
[19] Merker, J.: Lie symmetries and CR geometry, J. Mathematical Sciences (N.-Y.), 154
(2008), no. 6, 817–922.
[20] Merker, J.: Nonrigid spherical real analytic hypersurfaces in C2, Complex Variables
and Elliptic Equations, 55 (2010), no. 12, 1155–1182.
[21] Merker, J.; Pocchiola, S.; Sabzevari, M.: Equivalences of 5-dimensional CR-
manifolds, II: General classes I, II, III-1, III-2, IV-1, IV-2, arxiv.org/abs/1311.5669.
[22] Merker, J.; Porten, E.: Holomorphic extension of CR functions, envelopes of holo-
morphy and removable singularities, International Mathematics Research Surveys,
Volume 2006, Article ID 28295, 287 pages.
[23] Nurowski, P.; Sparling, G.A.J.: 3-dimensional Cauchy-Riemann structures and 2nd
order ordinary differential equations, Class. Quant. Gravity, 20 (2003), 4995–5016.
[24] Olver, P.J.: Equivalence, Invariance and Symmetries. Cambridge University Press,
Cambridge, 1995, xvi+525 pp.
78 SAMUEL POCCHIOLA
[25] Shabat, B.: Introduction à l’analyse complexe, 2 vols, traduit du russe par Djilali
Embarek, Mir, Moscou, 1990, 309 pp ; 420 pp.
[26] Sternberg, S.: Lectures on Differential Geometry. Prentice-Hall mathematical se-
ries.
SAMUEL POCCHIOLA — DÉPARTEMENT DE MATHÉMATIQUES, BÂTIMENT 425,
FACULTÉ DES SCIENCES D’ORSAY, UNIVERSITÉ PARIS-SUD, F-91405 ORSAY
CEDEX, FRANCE
E-mail address: samuel.pocchiola@math.u-psud.fr
